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Preface

 

The objective of this book is to collect state-of-the-art research and technology for design, analysis, construction and maintenance of textile and inflatable structures. Textile composites and inflatable structures have become increasingly popular for a variety of applications in – among many other fields – civil engineering, architecture and aerospace engineering. Typical examples include membrane roofs and covers, sails, inflatable buildings and pavilions, airships, inflatable furniture, and airspace structures.

The ability to provide numerical simulations for increasingly complex membrane and inflatable structures is advancing rapidly due to both remarkable strides in com-puter hardware development and the improved maturity of computational procedures for nonlinear structural systems. Significant progress has been made in the formu-lation of finite elements methods for static and dynamic problems, complex con-stitutive material behaviour, coupled aero-elastic analysis, and so on.

The book contains 14 invited contributions written by distinguished authors who participated in the Second International Conference on Textile Composites and In-flated Structures held in Stuttgart from 2nd to 4th October 2005. The meeting was one of the Thematic Conferences of the European Community on Computational Methods in Applied Sciences (ECCOMAS, www.eccomas.org).

The different chapters discuss recent progress and future research directions in new textile composites for applications in membrane and inflatable structures. Part of the book focuses in describing innovative numerical methods for structural analysis, such as new non linear membrane and shell finite elements. The rest of the chapters present advances in design, construction and maintenance procedures. The content of the different chapters was sent directly by the authors and the editors cannot accept responsibility for any inaccuracies, comments and opinions contained in the text.

The editors would like to take this opportunity to thank all authors for sub-mitting their contributions. We also express our gratitude to Maria Jesús Samper from CIMNE (www.cimne.com) for her excellent work in editing this volume. Many thanks finally to ECCOMAS and Springer for accepting the publication of this book.

Eugenio Oñate                         Bernard Kröplin Universitat Politècnica de Catalunya       University of Stuttgart Barcelona, Spain                         Stuttgart, Germany
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Innovative Developments in Fiber Based Materials for

 

Construction

 

Thomas Stegmaier and Heinrich Planck

Institute of Textile Research and Process Engineering Denkendorf (ITV), Center of Competence for Technical Textiles Denkendorf, Germany; E-mail: thomas.stegmaier@itv-denkendorf.de

Abstract. Fiber based materials for construction are in a continuous development. Due to the progress in polymer science and knowledge in process engineering important properties can be improved continuously or sometimes in great steps.

ITV Denkendorf in the south of Germany, close to Stuttgart, is here in charge for im-provements, testing and for the development of new materials. A comprehensive industrial and scientific network with competent partners is the best base. In this chapter some examples are given from successful material developments in the research fields of fiber spinning, tex-tile formation, coating, testing and numerical simulation with improved material properties for construction applications like: reduced ageing by new coating processes; selfcleaning surfaces based on bionic knowledge; barrier functions against heat, sound, temperatures, electromag-netic waves.

Special materials for new applications are in the field of smart materials, renewable ener-gies, lightweight for mobile applications.

 

Key words: plasma, coating textiles, selfcleaning, Lotus-Effect, FEM, electromagnetic waves, thermal spraying, textile composites, smart materials, lightweight, renewable energy.

 

1 Process and Development Tools

1.1 Plasma Treatment in Atmospheric Pressure

Long life behaviour of coated materials depends in a deep way on the applied ma-terials, but also on the used processes and the penetration behaviour of the coating layer to the fibers. The surface activation is an important way to increase adhesion and penetration. A special and high efficient tool is cold or low temperature plasma treatment in atmospheric pressure using the Dielectric Barrier Discharge (DBD). The modification of the Corona technology by coating both electrodes with dielectric ma-terial, the use of an intermitting electrical power supply and the addition of different
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Fig. 1. Dielectric barrier discharge.

 

gases increase the application field of plasma technologies for the textile industry widely (Figure 1).

The main advantages of plasma treatments with such a system are:

• Modification of surface properties without changing properties of the fiber bulk.

•   Dry process with a minimized consumption of chemicals. •   Elimination of traditional drying processes. •   High environmental friendly process. •   Availability of the processes for nearly all kind of fibers.

For the activation, e.g. hydrophilic treatment of textile substrate open or half open plasma units are suitable. The textile is guided through the small gap between rod and roller electrode. A scale-up of this technology for the treatment of wide goods and to high process speed is comparably easy. A wide range of tests with industrial partners have demonstrated the potential use especially for:

•   Increasing adhesion up to 400% for laminating, coatings, tapings. • Considerable improvement of wetting and penetration of coating systems into

the core of yarns and textile constructions.

• Therefore reduction of the wicking effect for increase lifetime of coated materi-

als.

For coating plasma systems based on polymerization of gases encapsulated units are necessary. A gas lock avoids the entry of air into the reactor chamber even during continuous processing (Figure 2). The generation of water- and oil repellent layers by plasma polymerization using gaseous fluorocarbons in continuous process was successful achieved by ITV Denkendorf [1].

Tests with industrial users show the potential in

•   a change of hydrophobicity/oleophobicity in different degrees, and • the application oriented functionalisation, e.g. different degrees of water ab-

sorbence.
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Fig. 2. Encapsulated plasma unit for 1 m wide textiles.

 

1.2 Selfcleaning Surfaces

In the century of nanotechnology the improvement of cleaning and dirt repellence behaviour of outdoor textiles plays an important role. Selfcleaning surfaces analog-ous to the nature based Lotus-Effect [4] is the capability of surfaces to completely clean themselves – only by means of water drops. The most famous and probably most ideal representative from the flora is the lotus plant that serves as an eponym. Through hydrophobic, nano/micro-scaled structured surfaces the contact area of wa-ter and dirt particles is largely minimized. SEM-photographs show the double struc-tured surface of the natural example – the lotus leaf. These structures result in ex-tremely high contact angles that let water droplets roll off at the slightest inclination and remove dirt particles lying loosely on it, and thus leaving a clean and dry surface behind (Figure 3).

ITV has developed textile surfaces with this exiting property. In a cooperation work with a chemical supplier (BASF) Technical Textiles based on PET fibers can be modified to achieve the Lotus-Effect properties. If the products fulfil all requirements of the criteria of selfcleaning based on biomimetic principles like waterrepellency, nanostructuring and soil release in combination with a reliable production quality and high quality standards in the special product range the new label “selfcleaning – inspirited by nature” can be aquired (Figure 4). This label confirms the security in production on high level and security in make-up to the final product. The advantages for the costumer/user are safety and reliability by purching the products and the advantages for producers are due to exploring new markets for attractive products and security with high earnings by high quality.

4      T. Stegmaier and H. Planck
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Fig. 3. Honey droplet on piece of fabric with Lotus-Effect (ITV Denkendorf).
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Fig. 4. New label for selfcleaning textiles based on the Lotus-Effect.

 

The actual research aims to long time resistant coatings and fiber constructions with the Lotus-Effect and to extent the application fields to other fibers and applica-tions.

1.3 Artificial Ageing

For textile construction a certain lifetime has to be guaranteed by the producers to give product security. Environment attacks these products during their lifetime thus altering the product. The fibers and coatings, therefore, have to be more or less res-istant against attacks such as high mechanical stress, solar radiation, humidity, dust,

Innovative Developments in Fiber Based Materials for Construction 5

salts or accompanying substances in the air (e.g. corrosive gases). These impact on functional properties, efficiency and life cycle of the products. Typical damages in-clude loss of strength, change of permeability, colour, lustre, dimensions, embrit-tlement, crack formation, structural change as well as the change of electrical and thermal conductivity, burning behaviour, humidity transport, etc.

Special tests in the laboratory can provide security for the complete lifetime within a very short time under reliable and reproducible conditions [3]. In compar-ison to real aging there are important advantages:

•   Observing given product at real use needs a duration of several years. •   Field trial with outdoor exposure – duration: at least 1 year. • Time-lapse environmental simulation in laboratory – duration: days to several

weeks.

Environmental simulation means the artificial impact of certain environmental conditions in the laboratory on a certain product. The choice of these artificial envir-onmental conditions depends on the application profile of the product to be tested. The tools in artificial aging are:

• Trials under conditions of cold and warm temperatures as well as temperature

change in constant and changing modes.

•   Simulation of dew, rain and hail.

•   Simulation of solar and UV-radiation. • Simulation of substances contained in the air, corrosive gases: nitrogen oxides,

sulfur dioxide, ozone.

•   Inclusion of particles: dirt, dust, sand, salts and test soils. •   Simulation of static and dynamic-mechanical stresses. •   Simulation of chemical influences.

These tools have to be combined due to relevant standards – if available, and to the real needs of the product.

 

1.4 Finite Element Calculations of Fibers and Textiles

For textiles under static and dynamic stresses the use of numerical methods can con-siderably increase the speed of development of products regarding construction, test-ing and security. The tool of the Finite Element Method especially has the important advantage to calculate static processes like tensile strength/elongation properties. It also allows to simulate high dynamic loadings, e.g. the resistance of fabric layers of high modulus fibers against bullet impact (Figure 5).

ITV developed special micro models for the single filament in a complex textile construction. So with the help of these FEM-based calculation models it has become possible for the first time to gain an insight into processes as regards the specific 6      T. Stegmaier and H. Planck
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Fig. 5. Simulation of stitching impact on fabric made from aramid multifilaments.
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Fig. 6. Three dimensional (3D) nonwovens.

 

physical phenomena in depth [2]. Due to continuous software development and de-velopment of computer technology this method of calculation will be an important tool in future.

 

2 Innovative Materials for Barrier Functions

2.1 Heat Insulation by 3D Nonwovens

High temperature insulation materials is in development at ITV based on nonwovens with the Wave Maker process, where a nonwoven is formed by mechanical elements in slopes. Special melt fibers are activated in a following thermal treatment to bind the nonwoven structure and to keep the flexible compressible. Dimensions are pos-sible up to 50 mm in height (Figure 6).

 

2.2 Shielding Against Electromagnetic Waves

Electromagnetic waves are emitted by a variety of electrical and electronic appli-ances which are an integral part of our lives. The emitted electromagnetic waves

Innovative Developments in Fiber Based Materials for Construction 7

may interfere with other appliances and also influence peoples health and quality of life and the environment.

There is a wide choice of materials available for the construction of textiles with shielding effects:

• Electro conductive materials (stainless steel, silver, nickel, copper, gold, carbon)

can be used in principal for the shielding against electrical fields, and •   ferromagnetic materials against magnetic fields.

ITV has tested and is in charge in the development and evaluation of textiles for shielding in different applications in clothes but also in the construction area. Shielding values over 99% and higher can be reached depending on the frequency of the electromagnetic waves.

We have worked out and illustrated the analyses of Figures 7 and 8 from a pub-lished test series on the insertion of metal wires in fabrics in plain weave [5]. Figure 7 shows the following:

• As it could be expected, the shielding effect increases with increasing yarn dens-

ity for a certain frequency.

• The shielding effect decreases with increasing frequency, e.g. shorter wave length

for the same textile construction.

[image: ]

 

Fig. 7. Shielding effect as a function of metal wire density in warp and weft direction at plain weave.

 

The following can be concluded from Figure 8:

• To reach a required shielding effect, the necessary grid distance has to be adapted

to the wave length. There is a linear correlation in a double logarithmic scale

between the shielding and the wave length of the fields. • The necessary grid distance is considerably lower than the half wave length.  8      T. Stegmaier and H. Planck
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Fig. 8. Necessary grid distance for certain wave length and shielding effect.

 

2.3 High Temperature Products: Thermal Spraying

Thermal spraying is an innovative surface coating process in which the coating ma-terial in form of powder or stab is melted (1500–2000 ◦ C) by a thermal source and accelerated to the substrate. There the coating material solidifies and forms a layer on the substrate. This process allows to coat flexible technical textiles with hard ma-terials like ceramic and metal layers. These are primarily oxidized metals (aluminum oxide, titanium oxide, chrome oxide, zircon oxide), a huge palette of metallic alloys based on Fe-, Ni-, Cr- and Co as well as compounds of carbides in metallic matrix (so called cermets). Melting of the substrate will only occur within a few micrometers thin surface layer depending on the melting point of the fiber (Figure 9).

Coatings with ceramic and metal on technical textiles change many properties re-garding light reflection, increase of heat insulation, friction and chemical resistance, improvement of flame resistance and abrasion resistance, electrical conductivity and antistatic behaviour, wetting and penetration and changes the topography of textile surface. In the cooperative research of ITV and Institut für Keramische Bauteile (IFKB) the properties of the coatings like micro roughness, hardness and porosity are varied and the properties of coated textiles like bonding strength between layer and fiber, stiffness, abrasion resistance, heat conductivity, electrical conductivity and electromagnetic wave shielding are investigated.

The results until now show a good adhesion between the layer on the textile by a form fit to the single fibers. In comparison to other technologies in this process no chemical binder is necessary – that means the coating material can be used in its original and extreme properties for high demanding applications.

Innovative Developments in Fiber Based Materials for Construction 9
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Fig. 9. Aluminiumoxid layer on an aramide fabric (source IFKB, University Stuttgart).

 

3 Materials for Smart functions, Renewable Energies and Lightweight Products

3.1 Smart Materials

The combination of textiles and electronic opens attractive developments for the so called Smart Textiles. ITV has developed in networks with industrial partners smart functional materials:

• Fiber based elongation sensors and washable connections between fibers to elec-

tronic wires in a baby body for monitoring life relevant signals. • Flexible materials for electrical heating based on carbon fibers are already on the

market.

• Light emission textiles based on light transmitting fibers and on electro chromic

effects.

 

3.2 Renewable Energies

Beside nanotechnology our century will be a period where renewable energies will have much more progress than in the past. Textile composites offer here flexible constructions tools.

10      T. Stegmaier and H. Planck
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Fig. 10. Construction of a spacer textile composite.

 

3.2.1 Transparent heat insulation

For the cover of solar thermal collectors and for translucent thermal insulation at buildings (TTI) materials have to be used with preferably high translucence and sim-ultaneously high thermal insulation characteristics. As TTIs are applied:

•   Insulation glasses with excellent optical characteristics. • Insulating materials with fine capillaries or honeycombs arranged side by side.

Vertical incidence of light generates the best effectiveness. Up to now the avail-able materials for solar thermal absorbers and TTI’s are plate shaped, inflexible, ri-gid, and additionally heavy and fragile due to the panes of glass. Therefore the solar collectors available are suited only for a local use.

For flexible solar thermal applications a translucent coated spacer textile at ITV was developed with the aim to transfer solar radiation through the compound to heat water or air and to prevent heat losses. The physical principles are based on know-ledge gained from nature, where the principal of the transparent thermal insulation is used, e.g. in the ice bear felt. There it is realized by transparent or whitish hair, which let pass the light and scatter it. A black epidermis transfers solar energy into heat. By enclosing smallest air spaces the loss of heat is effectively prevented.

At the ITV Denkendorf this principle was analyzed in detail carefully. From this study a new flexible product was developed, which could be used in industrial solar thermal applications (heating of water and air) as flexible, translucent heat insulat-ors. The product, based on coated spacer structures, can be manufactured in a large industrial scale. In particular spacer textiles with translucent and/or dyed coatings showed a good performance. Figure 10 shows schematically the structure of a spacer textile with a double-sided coating.

The developed spacer textile is characterized by the following properties:

•   Application of light conducting polymers. •   High translucent and/or black pigmented silicone coating. • Translucence of the composite for the incident light of the visible spectrum and

impermeability for UV radiation.

•   Strongly reduced heat loss by convection. •   Heat loss reduction of long-wave (thermal) radiation by a suitable coating.

Innovative Developments in Fiber Based Materials for Construction 11

Table 1. Technical data of different translucent heat insulation materials.
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• Dirt-resistance by a special coating, which good translucence and high thermal

[image: ]

efficiency.

The developed textile transparent thermal insulation shows some special advant-ages compared to other thermal insulation materials:

•   Relative low weight.

•   High mechanical stability (unbreakable, tearproof, elastic). •                                      ◦ High thermal stability (approx. up to 160C). •   Flexibility, i.e. arched structures are feasible. •   Deep-drawable within certain limits. •   Chemical resistance due to the silicone rubber coating. • Dirt-resistance performed by a special surface treatment (for self-purification wa-

ter is sufficient).

Table 1 shows the technical data of a double-side coated translucent spacer tex-tile (Figures 10 and 11) and those of a commercial available TTI hollow chamber panels and structures, which are inserted in double panes of glass. The properties of the spacer textiles can be adjusted in a wide range by their construction and the coating conditions. A comparison of the materials makes clear that the flexible spacer textiles, having a low weight, high light transmission and low thermal transition coef-ficient (U-value), are distinguished compared to the TTI materials used at present.

3.2.2 Flexible photovoltaic layers

Flexible Solar Cells for photovoltaic use of solar energy are laminated to a textile carrier and can be used in mobile applications. The vision is the use in great textile construction buildings.

3.3 Lightweight Products

Lightweight materials are the most important base for the reduction of energy con-sumption in automotive and space technology.

12      T. Stegmaier and H. Planck
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Fig. 11. Flexible translucent thermal insulation material.

 

•   Metal compound with textile layer

An innovative material made of a combination with two steel sheets and a tex-

tile core firstly combines important properties like lightweight, stiffness and deep

drawing capability in one material. Between two layers of metal sheets the textile

core is connected with thin layers of adhesive to the steel and gives a formable

spacer for the third dimension. The material has additional properties in com-

bination to the high mechanical strength like energy absorption and vibration

damping.

•   Pultrusion products on biomimetic principles

Fiber reinforced composites are made by placing fibers with high tenacity into

a surrounding, form-giving matrix system. Fiber orientation in nature follows

exactly the main forces in the structure generated by gravity and wind. There are

only just enough fibers to cope with the external load. These properties in nature

constructions are also demanded for composites in technical applications, but is

only partially realised because of production reasons.

A low-cost and high volume manufacturing process to produce reinforced

plastic profiles with consistent cross section is the pultrusion process. Resin-

impregnated fibers are pulled through a heated, consolidating dye nozzle to

Innovative Developments in Fiber Based Materials for Construction 13
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Fig. 12. Lightweight and damping fiber reinforced material: Biomimetic pultrusion product (ITV Denkendorf).

 

produce thermoset matrix profiles. At ITV a new way to produce gradient-

composites is approached with nature as archetype. Like role model bone or the

plant Arundo donax, certain areas of the structure with less loads are thinned out

of fibers and matrix: Aims of this macro-gradiation are composites with lowest

weight, optimal stiffness and load bearing (Figure 12).

Another measure is taken to gain a high elasticity and high vibration damping

in composites due to the principal of natural fiber reinforced systems. They are

able to damp vibration by reducing the high shear stresses between the stiff fibers

and the matrix by a stiffness gradiation between fiber and matrix called “Micro-

gradiation”. Destruction during dynamic loading can be avoided between the stiff

fiber and the softer matrix. A similar stiffness gradiation or “Micro-gradiation”

between fiber and matrix in the pultrusion process a will lead to an optimised

stress distribution between fiber and matrix.
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Finite Element Simulation of the Mechanical

Behaviour of Textile Composites at the Mesoscopic

Scale of Individual Fibers

 

Damien Durville

LMSSMat, Ecole Centrale Paris/CNRS UMR 8579, Grande Voie des Vignes, 92295 Châtenay-Malabry Cedex, France; E-mail: damien.durville@ecp.fr

Abstract. A simulation of the mechanical behaviour of textile composites at the scale of fibers is presented in this article. The approach, based on a finite element code with an implicit solver, focuses on the taking into account of contact-friction interactions appearing in assemblies of fibers undergoing large transformations. It allows, in a first step, to compute the unknown initial configuration of any woven structure. Then, adding an elastic matrix to the fabric, various loading tests can be simulated in order to identify mechanical properties of composite materials.

Key words: finite element simulation, contact-friction interactions, implicit solver, contact-friction models and algorithms, identification of mechanical behaviour.

 

1 Introduction

The need of characterization of complex and nonlinear mechanical behaviour of tex-tile composites is increasing with their growing use in a wide range of technical applications. The complexity of the macroscopic behaviour of these materials is mainly due to phenomenons occuring at the level of constituting fibers, which can be described as the mesoscopic scale. As long as these local phenomenons remain difficult to investigate experimentally, an in-depth understanding of mechanisms at this mesoscopic scale is still lacking.

The modeling strategies presented here shows that the finite element simulation has become an alternate approach to explore and predict the mechanical behaviour of textile composite materials. To meet such an objective, the simulation has to be able to take into account not only the behaviour of each individual fiber of the struc-ture, but also the interactions developed between fibers. The recent development of computational capacities makes this kind of computations now feasible.

Different approaches to simulate the behaviour of textile structures can be found in the litterature. Some are based on the construction of discrete models, relying on
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the identification of spring stiffnesses and some geometrical assumptions [1, 2, 3]. An other way of doing is to use finite element models, in which individual yarns are represented either by 3D or by beam elements [4, 5]. For this kind of simulation, the identification of transverse behaviour of yarns is a delicate point, with a large influence on the results, which requires a fitting to determine the parameters govern-ing this behaviour. As an alternative, simulations taking into account internal fibers inside yarns have been carried out, using an explicit finite element code, to simulate manufacturing process and mechanical properties of fabrics [6]. In the connected do-main of generalized entangled media, we also suggested a modeling approach at the scale of fibers, based on an implicit finite element code [7].

Not stopping at the yarn level, but going down to the fiber level avoids having to specify any model for the behaviour of individual yarns. The only mechanical behaviour that has to be characterized is the one of individual fibers, that can be simply considered as linear elastic.

The purpose of the simulation code we developed, based on an implicit solver, is to consider small samples of textile composites, made of several hundreds of fibers, possibly coated with an elastic layer. The data necessary for the computation, i.e. the description of the global arrangement of fibers in initially straight yarns, the elastic constants determining the behaviour of fibers and matrix, and the description of the weave type, are easy to collect and to define. Furthermore, most of the tasks, espe-cially the meshing of fibers and matrix, and the detection of different interactions between these parts, are performed automatically by the software. A particularly im-portant point of the method is that the computation of the initial configuration of the woven fabric is handled by the simulation code, by solving a mechanical equilib-rium while fulfiling the crossing order between yarns defined by the choosen weaving pattern. This initial stage, bringing comprehensive description of the fabric internal structure, is followed by loading steps, involving an elastic matrix, to simulate vari-ous loadings such as biaxial tensile tests, shear tests or bending tests.

In addition to the characterization of the macroscopic behaviour, the simulation at mesoscopic scale offers an accurate description of what occurs in the core of these fibrous materials, both from a geometrical and from a mechanical point of view. This tool can therefore reveal very useful to predict damage and failure caused by various loadings in indiviual fibers. As the modification of any design parameter of the structure is easy to operate, this simulation code is of great interest in order to optimize textile composite materials with respect to various purposes.

In the following, Section 2 is devoted to a general presentation of the approach. The detection and modeling of contact-friction interactions, which are the core of the presented method, are detailed in Section 3. The mechanical coupling between fibers and the matrix, discretized by the means of nonconforming meshes are introduced in Section 4. Finally, Section 5 shows results of the simulation of different loading cases applied to the same initial set of yarns, woven according to two different weave types.

Textile Composite Simulation at Mesoscopic Scale 17

2 General Presentation of the Approach

2.1 Modeling of Individual Components

2.1.1 Representation of Fibers

Beam elements are the most suitable to model the behaviour of fibers of the fabric. The handling of large rotations related to classic beam formulations based on the as-sumption of rigid cross-sections, raises however some difficulties. To overcome these difficulties, an enriched kinematical model, with an associated rheological model, have been developed to model 3D beams undergoing large displacements and ro-tations. The kinematical model, which can be interpreted as a first order expansion of the 3D displacement field with respect to transverse coordinates, is based on the definition of three kinematical vectors for each cross-section. The first vector stands for the translation of the centroid of the cross-section, whereas the two other vectors correspond to cross-section directors, allowing to describe simple plane deformations of these sections. By the means of this enriched kinematics, with nine degrees of freedom, all kinds of strains (elongation, shearing, torsion and bending) can be con-sidered and a three-dimensional constitutive law can be used. This model is moreover consistent with the application of contact-friction interaction forces on the surface of fibers.

 

2.1.2 Representation of the Matrix

Classic three-dimensional elements formulated in a large transformations framework are used to model the elastic behaviour of the matrix.

 

2.2 Meshing of Components

In order to reduce preprocessing tasks, all components of the structure are meshed automatically by the simulation code.

 

2.2.1 Fibers

The only configuration for the fibers that can be knwon and described is the con-figuration they theoretically occupy in initially straight yarns before weaving. In this configuration, fibers can be geometrically defined as helices (or as helices on helices) and thus can be easily meshed. With very few parameters describing the arrangement of fibers in yarn, the user can define various kinds of yarns, made of several bundles of fibers (see Figure 6 for example). The geometry of the actual woven configuration is calculated afterwards, as explained below.
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2.2.2 Matrix

The dimensions of fibers are too small to have discretization sizes of the same order for the matrix and the fibers, and to represent accurately the geometrical interface between the two media. For this reason, the volume surrounding fibers is automatic-ally meshed using a coarse discretization size.

As a mechanical coupling must be maintained between the two types of com-ponents, the mesh of the matrix is done so that it penetrates with a given value in the volume occupied by fibers. Special coupling elements are then defined in the overlapping regions between the two nonconforming meshes.

 

2.3 Modeling of Interactions between Components

2.3.1 Contact-friction Interactions between Fibers

Detection and modeling of contact-friction interactions between fibers are the most important part and the core of our approach. The very high number of contacts between fibers, the large relative displacements that can produce between them, and the strong nonlinearities characterizing this type of interactions are the main diffi-culties related to contact-friction modeling in fibrous materials. An original method, based on the construction of intermediate geometries in all regions where two parts of fibers are sufficiently close, and on the determination of discrete contact elements on these geometrical supports, is presented in Section 3.

 

2.3.2 Interactions between Fibers and Matrix

Since the meshes of fibers and matrix are nonconforming for the reasons mentioned above, the mechanical coupling between the two types of components has to be taken into account by an appropriate means. For this purpose, special junction elements are created in regions where the meshes of matrix and fibers overlap. The determination of these elements and of their mechanical behaviour are presented in Section 4.

 

2.4 Modeling of the Initial Woven Configuration

As the geometry of individual fibers in the initial configuration of the woven fabric is unknown, and cannot be easily identified experimentally, the determination of this geometry is a very important point for the simulation. However, thanks to some par-ticular developments, this configuration can be calculated. For that, we start from a theoretical configuration before weaving, where all yarns are assumed to be straight and placed in the same plane, crossing each other, as shown in Figure 7. The point to obtain the initial woven configuration is to make the crossing order between fibers of different yarns (i.e. which fiber should be above or below the other, depending
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on the weaving pattern), be progressively fulfiled. Provided fibers of the same yarn do not go through each other during this initial stage, the calculated configuration satisfies both the mechanical equilibrium and the weaving pattern. As this operation may induce elongations in fibers, it needs to be followed by a relaxation step in order to eliminate artificial residual stresses.

 

2.5 Modeling of Loading Tests

Once the initial configuration of the fabric has been calculated, and the elastic matrix has been added to the model and meshed, various loading tests such as biaxial tensile tests, shear or bending tests, can be simulated, simply by prescribing appropriate boundary conditions to the sides of the composite samples.

 

2.6 Use of an Implicit Solver

The global problem is solved using an implicit solver. In comparison with explicit solvers, this choice has of course consequences in terms of CPU time, particularly for problems with a high number of degrees of freedom, and with nonlinear phe-nomenons requiring iterations. However, provided robust and efficient algorithms are implemented for the nonlinearities, the great interest of an implicit solver is to consider large loading increments, particularly adapted for quasi-static cases. These reasons make this kind of solver specially suitable for the identification of the beha-viour of textile composites.

 

3 Modeling of Contact-friction Interactions

3.1 Setting of the Problem

3.1.1 Introduction

Nonlinear characteristics of the mechanical behaviour of entangled fibrous media originate essentially in contact-friction interactions between fibers. These interac-tions need therefore to be modeled accurately to simulate properly the behaviour of textile materials. The high number of contacts between fibers and the nonlinear be-haviour attached to these interactions are the main difficulties for such a modeling. They require the development of effective and accurate methods for the detection of contact interactions, and of robust and adapted algorithms for the solving of the nonlinear problem.
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Fig. 1. Description of kinematics.

 

3.1.2 Description of the Structure

We assume that the fabric is made of a collection of Nf fibers, the i-th fiber being represented in a material configuration by an open set, denoted   (i) , having the shape

ξ

of a straight cylinder, and defined by

(i)                                  2 3 = ξ ∈ R ; 2 2 ξ + (i) (i) ξ ≤ r , 0 ≤ ξ ≤ l ,            (1) ξ 1 2 3

where (i)        (i) r and l are respectively the radius and the length of the i-th fiber. Accord-ing to this definition, each cross-section of a beam is identified by its third material coordinate ξ3, whereas the first two material coordinates correspond to transverse coordinates in the section. At each time t, the current configuration of the beam, denoted   (i) , is defined as the image of the material configuration by the current

t

placement (i) x:                                          t

(i)               3          (i)                 (i) x R (ξ ), = ∈ ; x = x                         (2) ∀ ∈

t                                          t                            ξ ξ       , 

According to the enriched kinematical model used here, the current placement (i) x is

t

defined in the following way by the means of three kinematical vectors

x(i)           (i)               (i)               (i) (ξ ) t                            3 x = 0 (ξ )         (ξ )    ξ g   (ξ ), + t ξ1g    3            3                   (3)  1  +

t                            2    2t

where (i)                                                                            (i)         (i) x is the position of the center of the cross-section, and g and g are two

0t                                                                                    1t           2t

section vectors determining the current shape of the cross-section.

Textile Composite Simulation at Mesoscopic Scale 21

3.2 Geometrical Detection of Contact

3.2.1 Limits of Classic Approaches

Usually, in classic approaches, contact is determined by starting from one point on the surface of a body, whose position is often at a particular location with respect to the finite elements (node or integration point), and searching a candidate to contact on the opposite body, usually in the direction of the normal to one of the surfaces. This method gives good results in many cases, but does not seem adapted for the situations we are interested in. The first reason for this is that, in regions where fibers are strongly curved, the normal direction the the surface of one fiber may point towards a candidate which is actually far from the contact zone that may be predicted. Furthermore, one important disadvantage of this method is that it does not ensure a symmetrical treatment of both surfaces : starting from one surface, and using the normal direction to this surface to determine a candidate on the opposite surface, and then, in a second step, applying again the same process from this candidate, has very little chance to give the same initial point.

The main objection that may be raised in relation with these two points, is that using as searching direction the direction normal to only one surface, is, in a sense, like considering only half of the geometry of contact. What is lacking in this way of doing, is to consider simultaneously both surfaces involved in the contact. That is precisely the part we assign to intermediate geometries.

 

3.2.2 Introduction of Intermediate Geometries

The part played by the intermediate geometry is to approximate the actual geometry of the contact surface and to provide a geometrical support for the discretization of the contact problem. By this way, the contact problem is set on the intermediate geometry, and the two interacting surfaces are considered symmetrically with respect to this third party.

We define the intermediate geometry, in regions where contact may occur, as the average between the two opposite surfaces that may enter into contact. To do this, such regions have to be delimited by the means of zones of proximity. The way of averaging the two contacting surfaces may be very complex to define in general cases, as it requires the definition of a bijection between these parts of surfaces. In the case of beams, this problem is simplified by the consideration of lines instead of surfaces. The zones of proximity we intend to determine between fibers are simply constituted by parts of their centroidal lines, and the average between the two parts of lines can be defined unambiguously.
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Fig. 2. Determination of zones of proximity.

 

3.2.3 Process of Determination of Contact Elements

The goal of this process is to determine pairs of material particles which are predicted to enter into contact, and which constitute contact elements.

Determination of zones of proximity A zone of proximity is defined as two parts of

centroidal lines of fibers whose distance to each other is lower than a given proximity criterion. For a proximity criterion δ, the k-th zone of proximity between fibers i and j , denoted Zk (i, j ), may thus be defined as follows (see Figure 2):

Z        (i)    (i)         (j )    (j )         (i)    (j )                                    (j ) (i) (i) (j ) k (i, j ) = [ a , b   ] ∪ [ a   , b   ]; ∀ (ξ   , ξ    )     a   , b                   , 3 ∈ [ ] × [ ] 3                    a   , b

 (i)   (i)      (j )   (j ) x (ξ ) − x (ξ) ≤ δ, 0 t 3 0 t 3

The determination of these zones of proximity must be fast. For that, for each pair of fibers, the distance is calculated only between some control points coarsely distributed on one fiber, and their corresponding closest points determined on the other fiber. Corrections may be needed in some cases so that the intermediate geometry derived from the zone of proximity has suitable characteristics for a precise detection of contact.

Intermediate geometry For a given zone of proximity, the intermediate geometry

is simply defined as the average of the two parts of centroidal lines constituting the zone, on which a relative abscissa s is defined. The same abscissa is used to define each point xint ,k (s) of the intermediate geometry in the following way:

 

∀s ∈ [0, 1], x         1 (i)                                   (s) int ,k = (i) (i) (j ) (j ) (j ) x ( 1 1 s)a 0

2 − s)a + sb   + x   ( 0 −     + sb    .  t  t

[image: ]

The tangent to the intermediate geometry is calculated similarly as the average of tangents to the two centroidal lines.
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Discretization of the contact problem by contact elements Considering contact

between a pair of fibers, with respect to the intermediate geometry, the question we ask is what particles of both fibers are likely to enter into contact at a given posi-tion on this intermediate geometry. The discretization of the contact problem is also regarded with respect to this geometry, by defining some discrete positions where contact elements will be created. The number nc of contact elements distributed on the zone of proximity Zk(i, j ) depends on the discretization size, and the position cl of the l-th contact element of the zone is defined as:

 

c          l = l x int ,k     .                         (4) n c + 1

[image: ]

The discretization of the contact problem on the intermediate geometry is thus theoretically defined independently on the discretization of fibers. However, to have a good approximation of contact reactions, these different discretization sizes must be kept consistent with respect to each other.

Determination of pairs of beam cross-sections candidate to contact The first

step to determine particles of contact elements is to state which cross-sections are likely to enter into contact at the position c l of a contact element. The curvilinear abscissas   (i)          (j ) ξ and ξ of these cross-sections are fixed at the intersection between

3        3

the orthogonal plane to the intermediate geometry at the position c l of the contact element and the two centroidal lines of fibers, as shown in Figure 3.

Determination of materials particles of the contact elements The last step to loc-

alize the material particles candidates to contact consists in finding their position on the border of cross-sections. To do this, the direction between the two centroids is projected on each cross-section, and the seeked particles are positioned at the inter-sections between this projection and the border of the section (Figure 4).
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We denote Ec(cl) the contact element constituted by these two particles determ-ined at the position cl of the intermediate geometry:

E              (i) (j ) ( c c l ) = ξ , ξ.                         (5)

 

3.2.4 Nonlinear Character of the Process of Determination of Contact Elements

The process of determination of contact elements is actually a predictive one and de-pends on the relative positions of fibers, and consequently on the solution itself. For this reason, for each loading step, this process have to be iterated to increase the pre-cision of the determination of particles candidates to contact. Even if the convergence of this iterative process cannot be guaranteed, it shows a good algorithmic behaviour and produce very relevant couples of material particles candidates to contact.

 

3.3 Mechanical Models for Contact and Friction

3.3.1 Expression of Linearized Kinematical Contact Conditions

Normal directions for contact A normal direction has to be set for each contact

element to measure the penetration between fibers and to determine the direction of contact reactions. This normal direction may be viewed as the orthogonal direction to a plane acting as a shield between the particles of the contact element, as depicted in Figure 5. The choice of this normal direction is critical, in particular to prevent fibers from going through each other at crossings. To be appropriate to the various relative orientations between fibers that may be encountered, this direction is calculated in function of local geometrical quantities and criteria. In the following, the contact direction for a contact position c i is denoted N(cl).

Expression of the gap for a contact element     For a contact element Ec(cl) = (ξ (i)    (j ) , ξ), the gap is calculated as the distance between the two constituting particles, measured along the normal direction N(c l ):

gap(      (i)                        (i) (j ) (j ) c l ) = x (ξ ) (ξ ), t − x ( ) t N c l                  (6)

3.3.2 Regularized Penalty for Contact Reactions

Using a classic penalty method, normal reactions are assumed to be proportional to the gap when it is negative. The introduction of a quadratic regularization for very small penetrations stabilizes the contact algorithm by smoothing the contact behaviour. Denoting gr the penetration threshold characterizing the quadratic part, and kc the penalty coefficient, the norm of the contact reaction RN(cl ) is expressed as follows in function of the gap:
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Fig. 5. Definition of the normal direction of a contact element.

 

RN (cl ) = 0 if gap(cl) ≥ 0, (7)

k          2 ( gap ( c ))

R       c         l ( c ) =     if      gap c     0               (8) N l                     r         l , g < () < ,
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R                 g r ( 2     g r
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N l      c       l                 l      r c ) = k gap ( c ) + , if gap ( c ) ≤ g .              (9)

[image: ]

2

3.3.3 Regularized Friction Law

Denoting (i) u the current displacement field defined on the fiber i, the relative tan-gential displacement [u]T (cl) for a contact element expresses:

[                                                            (j ) u ] T ( c l ) = − (j ) [ I N ( c l ) ⊗ (i) (i) N ( c l ) ] u (ξ ) − u (ξ ).          (10)

For the tangential reactions, we use a regularized Coulomb’s law, which allows a small reversible displacement before pure sliding occurs. The tangential reaction is expressed as follows as function of the tangential relative displacement:

if                                          μ RN u [ ] T ( c l ) ≤ u T , rev , R T ( c l ) = [u]T (cl )                 (11) u T , rev
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else              μ R N R T ( c l ) =[u] (c [ Tl),             (12) U ] T 
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where μ denotes the Coulomb’s friction coefficient, and uT ,rev is the reversible tan-gential displacement.

3.4 Algorithmic Issues

3.4.1 Iterations on Nonlinearities

In the presented method, both the process of determination of contact elements, and the normal directions for contact depend on the current position of fibers. Since large 26      D. Durville

increments of displacements are expected, these geometrical entities need to be up-dated during the computation for each loading step. The convergence of the global algorithm is very sensitive to the order according to which different quantities are updated. To get a good convergence, the algorithm we use for each loading step is made of three embedded loops. The first loop is dedicated to iterations on the determ-ination of contact elements. Then, at a second level, we iterate on the determination of normal directions for contact. Lastly, the inner loop is constituted by iterations of Newton-Raphson type on all other nonlinearities of the problem.

3.4.2 Adjustment of the Penalty Coefficient for Contact

The determination of the two parameters governing the normal contact behaviour, namely the penalty coefficient and the regularization threshold, is a very delicate point of the method. The quadratic regularization of the penalty method shows its best effectiveness from an algorithmic point of view when a significant part of contact elements are concerned by this regularization, that is to say when the gaps of a certain amount of contact elements are lower than the regularization threshold. However, for a given penalty coefficient, the gap of each contact element is function of the force exerted locally between the two interacting fibers. This local force may exhibit both spatial variations, depending on the position in the structure, and time variations related to the evolution of loading. This means that if a unique and constant penalty coefficient is used, penetrations of very different orders may be registered in the structure, which makes the penalty regularization totally ineffective, and prevents the convergence of contact algorithms.

The solution we suggest to face this problem is to control locally the maximum penetration between fibers by adjusting the penalty coefficient. We fix this max-imum penetration to a small value proportional to the regularization threshold, this threshold being calculated as a small portion of the typical radius of a fiber. As the construction of contact elements is based on the determination of local zones of proximity, it is easy to assign a particular penalty coefficient for the set of contact ele-ments belonging to the same zone. This local coefficient can therefore be adjusted, each time contact normal directions are updated, in order to control the maximum penetration for each zone.

 

4 Coupling Elements between Matrix and Fibers

Since the meshes of the fibers and of the matrix are nonconforming, coupling ele-ments between matrix and fibers are required to ensure the continuity of displace-ments between the two components.

In a way similar to the definition of contact elements, in regions where the volumes occupied by matrix and fibers overlap, we developed discrete coupling ele-ments. These elements are constituted by pairs of material particles, one attached to
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Fig. 7. Starting configuration for the com-
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Fig. 6. Representation of an individual putation of the initial configuration of

yarn in a straight configuration.                    woven structures.

 

the matrix, and the other attached to a fiber, having the same position in the initial configuration.

The coupling between the displacements of the particles of the element is simply modeled as a spring with a given stiffness between the particles. For the choice of the stiffness parameter, it is important to notice that due to the different discretization sizes for the meshes of the matrix and of the fibers, displacement fields are approx-imated more coarsely in the matrix than in fibers. For this reason, if the coupling stiffness is too large, the coarse approximation of displacements in the matrix will be prescribed to the fibers, leading to a local locking phenomenon. To give more flexib-ility to the junction and to avoid this locking, the stiffness for the coupling elements is taken equal to the elastic modulus of the matrix.

 

5 Numerical Results

5.1 Presentation of Tests

The same basic structure has been used for all results presented here. This structure is made of 12 woven threads (Figure 7), has each of them being constituted of 36 fibers, organized in 3 bundles of 12 fibers, as depicted in Figure 6.

Representative figures of this model are summarized in Table 1. The high number of degrees of freedom (≈ 120,000) makes the model a good example of what can be handled by this kind of simulation.

The same assembly of yarns is used to model two types of weaving, namely plain and twill weaving, each of these weaving patterns being defined by only three integer parameters. The first simulation stage is dedicated to the computation of the initial configuration for each weave type. Then, adding to the model an elastic mat-rix, three types of loading tests are simulated for the two textile composites : first, 28      D. Durville

Table 1. Description of the model.

[image: ]

Number of yarns                     12 Number of fibers                    432 Number of fiber nodes             12,096 Number of dofs for fibers         108,864 Number of matrix nodes            3,075 Number of dofs for the matrix      11,250 Total number of dofs              120,114 Number of contact elements     ≈ 50,000

[image: ]

 

biaxial tensile tests, with four different ratios between elongations in weft and warp directions, then a shear test, and finally a global bending.

 

5.2 Computation of Initial Configurations

The computation of the unknown initial configuration of the woven structure is the first task assigned to the simulation. To do this, we start from a configuration (Fig-ure 7) where all yarns are straight, lying on the same plane and interpenetrating each other.

The choosen weave pattern (plain weave or twill weave) indicates which yarn must be above or below at each crossing. The principle of the computation of the initial configuration is to make this crossing order between yarns be progressively fulfilled by fibers. For this, while usual contact conditions are considered between fibers belonging to the same yarn, special normal directions for contact, correspond-ing to the prescribed crossing order, are used to express contact conditions between fibers from different yarns at crossings. These particular contact conditions are used for several steps, until all fibers of one of the two crossing yarns are above, or below, fibers of the other yarn. When different yarns do no longer interpenetrate, standard contact conditions are applied between all fibers to calculate the equilibrium con-figuration of the global structure. The approach guarantees that no fiber go through another fiber from the same yarn during this initial stage.

As a result, we obtain a comprehensive geometrical description of all fibers in the fabric (Figures 8 and 9), which meets both the mechanical equilibrium condi-tions and non-penetrating conditions between yarns. Useful informations about vari-ations of local curvatures and helix angles of fibers, which are very hard to get from experiment, can be easily derived from these results.

The cuts of the initial configurations of the plain weave and twill weave samples (Figure 10) show the rearrangement of fibers within each yarn due to the large dis-placements they undergo.
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Fig. 8. Computed initial configuration for         Fig. 9. Computed initial configuration for the plain weave sample.                          the twill weave sample.
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(a)
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(b)
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(c)
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Fig. 10. Cuts of different configurations: (a) starting configuration, (b) computed initial con-figuration of the plain weave sample, (c) computed initial configuration of the twill weave sample.

 

5.3 Biaxial Tensile Tests

For biaxial tensile tests, after adding the elastic coating to make the composites, a 6% elongation is applied step by step in the warp direction, while elongations in the weft direction are taken with α ratios respectively equal to 0, 0.5, 1 and 2. 30      D. Durville
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Fig. 11. Loading curves of biaxial tensile         Fig. 12. Loading curves of biaxial tensile tests for the plain weave composite.                tests for the twill weave composite.
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Fig. 13. Cuts of the initial and final configurations for equibiaxial tensile test (plain weave composite).
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The loading curves for both the plain weave and the twill weave samples are plot-ted in Figures 11 and 12. They show the typical J-shaped curves, and the increasing of the force in the warp direction with the α ratio.

The origin of the variation of the tensile stiffness at the begining of the loading can be explained by the densification of fibers which is well observed if we compare cuts of the initial and the final configurations (Figures 13 and 14).
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Fig. 14. Cuts of the initial and final configurations for equibiaxial tensile test (twill weave composite).
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Fig. 15. Final configuration of the shear         Fig. 16. Final configuration of the shear loading test for the plain weave composite loading test for the twill weave composite
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sample.                                        sample.
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5.4 Shear Tests

An equibiaxial elongation of 2% is applied to the two composite samples before simulating the shear tests, by increasing the angle between sides while keeping their lengths constant. Figures 15 and 16 show the deformed meshes at the final step (18 degree shear angle).

The loading curves (Figure 17) show very similar behaviours for the two types of weaving.

 

5.5 Bending Tests

Bending tests, which can put some parts of the structure under compression, and lead by this way to localized phenomenons such as buckling, are also very interest-ing to simulate. The cuts of the final configurations (Figures 20 and 21) show for 32      D. Durville
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Fig. 17. Loading curves for the shear loading test for plain weave and twill weave composite samples.
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Fig. 18. Bending of the plain weave com-         Fig. 19. Bending of the twill weave com-posite sample.                                    posite sample.
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Fig. 20. Cut of the bent configuration of         Fig. 21. Cut of the bent configuration of the plain weave sample.                          the twill weave sample.
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example openings inside yarns in the lower part of the twill composite, probably due to local bucklings. The capture of such phenomenons which may generate damage or decohesion, proves the ability of the simulation to handle local complex effects.

[image: ]
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5.6 CPU Costs

Computations for the presented tests have been run on a cluster, using 6 processors. The simulation of each step requires about 30 to 40 iterations, leading to an average of 3 hours CPU time per loading step. Simulations for biaxial tensile tests were carried out with 30 increments, taking about 90 hours, while simulations for the shearing and bending tests took about 45 hours, with 15 increments.

 

6 Conclusion

The results show that, thanks to the development of accurate, robust and effective methods to take into account contact-friction interactions between fibers, numerical simulation appears nowadays as a possible means to explore the mechanical beha-viour of textile composites at the scale of fibers.

The comprehensive approach we suggest lies on the one hand on original geo-metrical processes, based on the construction of intermediate geometries in contact zones, to detect and discretize contact interactions, and on the other hand on adapted mechanical models associated with fine-tuned algorithms to solve global problems involving numerous nonlinearities. Using an implicit solver, the developed software allows the simulation of complex structures, characterized by high numbers of de-grees of freedom and of contact elements, with a reasonable CPU time.

The main interest of this kind of simulation at mesoscopic scale, beyond the iden-tification of macroscopic behaviour of textile composites, is to provide an in-depth description of phenomenons occuring at this scale, which would remain otherwise out of reach of experiment. The estimation of curvatures, strains and stresses at the level of individual fibers is a major benefit of the approach to study local phenomen-ons such as damage. This approach should therefore be helpful to optimize the struc-ture of textile composite materials with respect to both global and local criteria.
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Abstract. A predictive model has been developed to determine the biaxial stress-strain re-sponse of architectural fabrics, without the need for biaxial testing. Sawtooth and sinusoid models of the fabric unit cell have been formulated, with spring elements between crossovers used to represent the coating. In both models a constant yarn cross-sectional area has been maintained, resulting in a relationship between unit cell length and yarn thickness which elim-inates the need to determine the yarn crushing stiffness. A state-of-the-art biaxial test rig and new test protocol have been developed to fully ascertain the stress-strain behaviour of struc-tural fabrics. This enables meaningful comparison to be made between the model output and actual fabric response. The model provides a more accurate representation of fabric behaviour than current industry best practice (i.e. use of elastic constants based on biaxial test data), but without the need for specialist testing or equipment.
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1 Introduction

Coated woven fabrics are used in state-of-the-art structures and yet broad assump-tions are made in both material testing and behaviour. The design of fabric structures is hindered by the complex response of coated woven fabrics to biaxial loads in the plane of the fabric. Architectural fabrics have different mechanical properties due to variations in material properties and weave geometry (yarn diameter, weave pattern and coating thickness). Variability in the manufacturing process leads to inconsist-encies in properties between fabric batches, and even across the width of a single roll. Biaxial testing is frequently carried out at prestress to determine compensation values, but rarely at working loads to determine fabric stress-strain behaviour for structural design.
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Fig. 1. Crimp interchange mechanism.

 

Uniaxial strip tests are routinely carried out by manufacturers to determine the ultimate tensile strength of a fabric in warp and fill (or weft) directions. However, measurements of load and extension from these tests give limited information about the biaxial stress-strain behaviour of the fabric. The interaction of warp and fill yarns (crimp interchange, Figure 1) results in complex, non-linear biaxial behaviour that cannot directly be inferred from uniaxial results alone. Despite considerable work in the field, predictive models based on constituent material properties and fabric geometry have so far failed to determine fabric response sufficiently accurately for use in structural design [7, 10, 15].

 

2 Aims

To develop a model to predict the in-plane stress-strain characteristics of coated woven fabrics under biaxial load, suitable for use in membrane structure design. The model must be truly predictive with no adjustment of parameters required to fit the output to a given data set. The model should be valid for a wide range of fabrics. It should be easily accessible to the design engineer, with input parameters which
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Fig. 2. Biaxial test rig at the University of Newcastle-upon-Tyne.

 

can be measured using standard tests and/or commonly available equipment, with no specialist software or computer hardware required to run the model.

 

3 Biaxial Testing

To assess the validity of a predictive model it is essential to have comprehensive test data with which to compare the model output. Biaxial tensile testing of a cruciform specimen with slit arms has been carried out using a purpose built test rig (Figure 2). A key feature of the test rig is the ‘floating frame’ concept, developed by Architen– Landrell (Chepstow, UK; www.architen.com). The upper reaction frame is mounted on spherical bearings and is free to move in the plane of the fabric. Due to bowing of the fill (or weft) yarns during weaving and coating, the angle between warp and fill is not necessarily 90◦                            ◦        ◦ and can vary between 85 and 95 in PTFE-glass fibre fabrics. The cruciform specimens are cut in line with the warp and fill yarns, not necessarily orthogonally. Fabrics will always resist loads along the line of the yarns, hence it is appropriate to cut the samples in this manner. When load is applied to the cruciform the ‘floating’ upper frame becomes aligned with the cruciform/fabric 38      B.N. Bridgens and P. Gosling
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Fig. 3. Biaxial test protocol: radial load regime.

 

axes. This allows more accurate measurement of fabric biaxial behaviour without in-troducing unwanted shear effects. Warp and fill strains are measured using two laser extensometers, one mounted above the cruciform and the other below. The lasers are mounted on the frame such that they follow the fabric centreline position and ori-entation. Load is applied using hydraulic cylinders and is measured with load cells mounted on the cylinder ends. The reaction frame allows equal and opposite loads to be applied to the specimen in a given direction, whilst only having to control one hydraulic cylinder per axis.

There are currently no British, European or American standards on the biaxial testing of fabrics. Test regimes used in industry are typically devised to inform a ‘plane stress’ model (i.e. using elastic constants and Poisson’s ratios), rather than to fully describe the non-linear fabric response. A new test protocol has been developed based on previous published work, numerical modeling, a review of methods used in industry and extensive testing.

Application of prestress followed by mechanical conditioning provides repeat-able stress-strain data suitable for medium to long term structural design. The radial test regime developed for this research (Figure 3) explores all feasible stress states; it is not limited to a few specified stress ratios. A method of removing residual strain
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Fig. 4. Load and strain histories for a PTFE coated glass fibre fabric.

 

from the test data has been developed to prevent skewing of the response surface due to fabric creep.

This test protocol efficiently populates the stress space with strain data and fre-quently returns to prestress to enable accurate removal of residual strains. Thorough testing of the effect of load history on each stress state is infeasible; however the loading and unloading results give a good indication of the level of variability. Each radial arm of the load regime is typical of the load paths the structure will experience in a single load event (a gust of wind or snow load), i.e. from prestress to a loaded condition and back to prestress. The high residual strains at the end of a typical test (Figure 4) show the importance of removing residual strain during the test to avoid distortion of the response surface.
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Fig. 5. Sawtooth representation of yarn waveform.

 

4 Predictive Model

4.1 Sawtooth Model Formulation

Predictive fabric models typically consider the fabric ‘unit cell’, the smallest repeated unit in the fabric. For a plain weave fabric this is simply half a wavelength of two intersecting orthogonal yarns.

A sawtooth model has been developed which includes yarn and coating tensile extension and yarn crushing [8, 11]. The model behaviour is elastic; there is no con-sideration of energy loss and viscoelastic effects. For a given applied load the unit cell geometry is modified to give force equilibrium. The principal constraints are:

1. The sum of the yarn radii must equal the sum of the yarn wave-form amplitudes

[11].

2. Assuming negligible yarn bending stiffness, out-of-plane forces must equal zero.

For the sawtooth model these out-of-plane forces are a component of the yarn tension at crossovers.

Determination of the change in yarn radius under load is vital. Previous workers typically use a crushing spring between yarns at the crossovers [4]. However, determ-ination of the value for the spring constant is problematic and requires removal of in-situ yarns and specialist testing [4, 12]. Because of this, the yarn crushing stiffness is commonly used as a parameter for calibrating the model against test data, which compromises the predictive nature of the model.

For this work a constant yarn cross sectional area has been adopted [5, 6]. As well as obviating the need to define the yarn crushing stiffness, this enables the yarn cross-section to be modelled such that it is consistent with the wave-form of the orthogonal yarn. The unstrained yarn cross-section can be defined by an equilateral parallelogram, or rhombus. As load is applied the rhombus deforms to become a quadrilateral with one line of symmetry, or kite shape (Figure 7). With a constant cross-sectional area, if the yarn length and angle (θ) are known then the radius (i.e. the out-of-plane thickness) of the orthogonal yarn can be calculated.
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Fig. 6. Fundamental sawtooth unit cell.

 

4.2 Sinusoid Model Formulation

Use of a more realistic representation than the ubiquitous sawtooth may benefit model accuracy [9, 15]. Sinusoidal or other curved yarn representations are fre-quently used in finite element unit cell models, which impose fewer restraints on the geometry. Methods used include:

1. A series of control points interpolated by a Bézier curve with ellipses defining

the yarn cross section [6].

2. A sinusoidal waveform [13, 15].

3. A model with no a priori assumptions about the yarn wave form, the geometry

of the yarn being a function of the applied loads [9].

Fourier analysis has been carried out on points measured along images of in-situ yarns to determine the most appropriate function to represent the yarn waveform. The correlation of the simple sine curve (or fundamental, a 0 + a1 sin x ) is extremely good, with little benefit in using additional harmonics. The mean deviation from the measured points is only 2.5% of the amplitude. To define a simple sine function only requires measurement of the yarn amplitude and wavelength.
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Fig. 7. Rhombus yarn cross section.

 

The yarn has been modelled as being composed of many pinned bars with ver-tical forces (Fvn) applied at each node and a horizontal force (F ) applied at one end (Figure 8).

Measurements of fabric geometry provide the amplitude and wavelength, from which the initial shape of the sinusoidal yarn is known. Hence angles θn and θn−1 are known at each node. The tension in the yarn, and the resultant tensile extension, will vary along the length of the yarn. Starting with the known applied load (F ), forces can be resolved at node 4, and then at subsequent nodes along the yarn. The distribution of forces varies with the ratio of wavelength to amplitude. This provides a series of contact forces appropriate to the weave shape.

A constant yarn cross-sectional area constraint is used, similar to that used in the sawtooth model but with the yarn cross-section being bounded by two intersecting sinusoids. This gives a more realistic representation of the yarn cross-section, and a correspondingly more accurate calculation of the yarn cross-sectional area (Fig-

A Predictive Fabric Model for Membrane Structure Design 43

[image: ]

 

Fig. 8. Sinusoid yarn model.
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Fig. 9. Sinusoidal representation of yarn cross-section.

 

ure 9). As for the sawtooth model, this formulation provides a geometrically consist-ent model of the warp and fill yarns (Figure 10), and removes the need to determine the yarn crushing stiffness. An iterative process is used to determine values of warp and fill wavelength and amplitude that provide balanced out-of-plane forces, consist-ent geometry and constant yarn cross-sectional areas.

4.3 Model Input Data

Yarn and coating tensile properties have been evaluated using stress-strain data from standard uniaxial tests [3]. The principle is that the initial part of the stress-strain 44      B.N. Bridgens and P. Gosling
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Fig. 10. Sinusoidal model.

 

curve at low load corresponds to coating stiffness, with yarn tensile properties be-coming dominant at high loads (Figure 11). This approach has been adopted by sev-eral previous researchers [8, 14]. This is appropriate for this work which aims to develop a predictive model which does not require specialist testing.

Yarn dimensions and crimp characteristics have been determined using measure-ments of fabric cross-section images. Recent advances in digital camera technology mean that high quality images of the fabric cross-section can be acquired using an in-expensive digital camera. For this work a Nikon Coolpix 4500 camera was used with a macro lens. Measurements from multiple images were taken and averaged to give typical dimensions for each fabric. The sum of the yarn radii minus the sum of the amplitudes must equal zero for geometric consistency. The average measurements were adjusted to meet this criterion.

4.4 Results and Discussion

Biaxial testing has been carried out using a new test protocol which mechanic-ally conditions the fabric before applying a wide range of stress states [1, 2]. This provides two response surfaces which fully describe the fabric biaxial stress-strain behaviour, which can be used to assess the quality of the model output. Tests have been carried out on both PVC/polyester and PTFE/glass fabrics from sev-eral manufacturers (Taconic, Ferrari and Verseidag) in a range of fabric weights
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Fig. 11. Uniaxial test data for PTFE-glass fabric.

 

(PVC/polyester, type I-IV/V; PTFE-glass type G5-G7). To enable a direct compar-ison of the models and test results, the models have been used to calculate strains for the specific loads applied during each test.

Initially both the sawtooth and sinusoid models predicted excessively large neg-ative strains, particularly at high warp stress and low fill stress. These large negative decrimping strains do not occur in reality because of the compressive resistance of the coating. Because of difficulties in determining the coating compressive stiffness, it has been used as a parameter for calibrating the model against the test data. To make the model generally applicable and ensure that it is truly predictive, the com-pressive coating stiffness factor must be same for each type of fabric (i.e. for all PTFE-glass fibre fabrics and for all PVC-polyester fabrics) and preferably the same for both types of fabric. As a starting point the compressive coating stiffness was set to be equal to the tensile coating stiffness. The values were then varied to give the best correlation with the test data. It became clear that different values are required for PVC-polyester and PTFE-glass, which is reasonable as the PVC and PTFE coatings have different material properties. The best fit was achieved with a coating stiffness factor of 0.25 for PVC-polyester fabric and 3 for PTFE-glass fibre fabric.

Correlation with the test data is good, particularly for the sawtooth model (Fig-ure 12). No parameters have been varied for particular fabrics, ensuring the model is truly predictive. The model provides a single elastic stress-stress-strain surface, which has been compared with viscoelastic loading and unloading test data, hence a 46      B.N. Bridgens and P. Gosling
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Fig. 12. Sawtooth (a) and sinusoid (b) model output; PVC-polyester fabric.
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Table 1. Comparison of predictive models with biaxial test data.
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deviation of zero could never be achieved. The deviation of the sawtooth model from the mean of the viscoelastic test data is 5.3 to 5.9% of the strain range. For com-parison, the average variation between repeat tests on the same fabric was 3.0% of the strain range. The model output is significantly more accurate than the assumed material properties which are commonly used in industry, and is of a similar level of accuracy to a plane stress representation (using two elastic moduli and Poisson’s ratios) based on each set of test data.

The model output can also be plotted on graphs of strain against the root-mean-square stress along each of the radial load paths [2], providing a good visual assess-ment of the quality of the model (Figure 13).

A novel method has been developed for determining crimp equilibrium for a sinusoidal yarn based on contact forces and geometric constraints, which provides a new approach to realistically modelling woven fabrics. Despite this, the sinusoid model as formulated in this work does not provide as good a correlation with the test data as the sawtooth model (Table 1). The yarn length in the sinusoid model is greater for a given yarn geometry than in the sawtooth model. Hence the sinusoid model predicts greater decrimping strains. The difference, between 17 and 20% of the mean value, is clearly significant to the model output. The sawtooth model, giv-ing lower strains with its straight line approximation to the yarn waveform, may be more accurate as a predictive tool as it inadvertently counteracts some of the simpli-fications in the model. Explicitly, the out-of-plane restraint provided by the coating is not included in the model. At high stress ratios crimp interchange results in a ‘dimpled’ fabric surface with the coating being stretched over the yarns at crossov-ers (Figure 14). It is postulated here that this effect may be approximated by the shortened yarn length inherent in the sawtooth representation.

Yarn bending stiffness has also been neglected in the model. The large scale bending stiffness of architectural fabrics is generally regarded as negligible, but the yarn bending stiffness may be significant on the scale of the unit cell. Inclusion of these additional factors with the sinusoid formulation may provide an even more accurate model.
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Fig. 13. Comparison along radial load paths, sawtooth model (Verseidag PTFE-glass fibre).
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Fig. 14. Fabric surface during uniaxial strip test.

 

5 Conclusions & Applications

A predictive model has been developed to determine the biaxial stress-strain response of architectural fabrics, without the need for biaxial testing. The model provides a more accurate representation of fabric behaviour than current industry best practice (i.e. elastic constants based on biaxial test data), but without specialist testing or equipment. The model is truly predictive; parameters are not optimised to fit the model output to a particular data-set. The model output has been compared with comprehensive biaxial test data for both PTFE-glass fibre and PVC-polyester fabrics.

The model will be particularly for useful for the analysis of small or medium size membrane structures for which comprehensive biaxial testing is prohibitively expensive. Another application is for fabric reverse engineering: if certain stress-strain properties are required for a given application, appropriate yarn properties and weave geometry can be calculated. This can inform the choice of fabric, or enable manufacturers to produce fabrics with particular mechanical properties. This may have benefits in other fields, for example the design of medical textiles which need to replicate the mechanical properties of specific tissues.
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Abstract. A model for fabrics and fabric reinforced membranes is presented, in which the Discrete Element Method (DEM) is applied to a microstructure representation of fabrics on the yarn level. The unit cell is described by discrete mass points and rheological elements. Their assembly represents the relevant deformation mechanisms like crimp interchange, trellising or locking. Additional interaction mechanisms are implemented that account for a coating or embedding of the fabric. In the framework of a Discrete Element description the model is in-trinsically dynamic since the equations of motion are solved numerically for every mass point using a predictor-corrector scheme, i.e. an explicit finite difference method. With this model the influences of different microscopic material features on the macroscopic system response are studied, preserving directly the information of the local microstructure deformation. All micromechanisms are implemented in a modular manner in order to make the model adaptable to materials that range from pure fabrics to fabric reinforced membranes. Numerical results are presented that demonstrate the plausibility of our approach.
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1 Introduction

Textiles and fabric materials were one of the first mass products of the industrialisa-tion. With the development of more sophisticated fibre materials and the introduction of automated spinning and weaving machinery, also engineering applications of fab-ric materials gained importance, ranging from tents and sails to more demanding aeronautical applications in balloon and airship skins, etc. [1]. With the development of the composite materials another field for the application of fabrics was opened. Fabric materials are seen to be candidates for an automated composite production, because they are easy to handle in dry or pre-impregnated preform and offer a good drapeability, i.e. the capability to assume three-dimensional doubly curved shapes
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[2]. Fabric materials show a strongly nonlinear behaviour on the macroscopic scale [3], which is due to their microstructure of interlaced yarns. Geometric and kinematic mechanisms on the yarn-level lead to their typical deformation behaviour. Under bi-axial tension, nonlinear stress strain responses occur due to the straightening of one and the increase of waviness of the other yarn family, the so called crimp interchange. In the case of shear loading the fabric reacts with a relative rotation of the warp and weft yarns around their crossing points. In pure fabrics this trellising motion occurs with only very small resistance. The shear deformation is limited by the effect of yarn locking and further shearing usually leads to local buckling of the fabric. All these characteristic effects can still be observed if a fabric is coated or embedded in deformable matrix materials as applied in membrane roofs, airship hulls, etc.

Modelling approaches for fabric materials and fabric reinforced membranes have a long tradition. Early experimental investigations and analytical models were repor-ted e.g. by Haas [4] in 1917 and by Peirce [5] in 1937. A common basis for modelling approaches are assumptions on the geometry and kinematic of the unit cell of the fab-ric, the smallest repeatable unit of the weave geometry. Based on this microstructure approach either analytical relations for the macroscopic material behaviour are de-rived, see e.g. Kawabata et al. ([6, 7]), or homogenisation methods are applied to obtain macroscopic material laws for continuum descriptions like the Finite Element (FE) analysis, as reported by Boisse et al. [8]. While the FE approach leads to an efficient tool for design and verification calculations, it often lacks the direct connec-tion between the local microstructure kinematics and the macroscale deformation. Alternatively a direct representation of the microstructure can be chosen. Finite Ele-ment simulations of fabric unit cells with small scale meshes on the yarn level, as performed by Glaessgen et al. [9], usually are restricted to small systems. Discrete modelling approaches can overcome these limitations. Based on a simplified repres-entation of the microstructure by an assembly of translatory and rotational springs, a patch of fabric can be simulated preserving the direct connection between mac-roscopic deformation and the kinematic of the microstructure. Boubaker et al. [10] applied this sort of discrete microstructure representation of fabrics and used energy based minimisation techniques to solve the macroscopic system.

In this paper a discrete microstructure model is proposed that uses the Discrete Element Method (DEM) [11] and thus provides the numerical solution of the equa-tions of motion of the system. The discretisation process and the resulting DE fabric representation are depicted in Figure 2. The applied DE approach is intrinsically dynamic and allows to simulate large displacement and deformation problems, loc-alisation phenomena (e.g. damage evolution) and dynamic loading situations like impact. Furthermore, the microstructure model can be used to explore the complex interactions of fabric materials in critical zones, e.g. seams or joints.

This paper is organised in the following manner: First the modelling approach and the chosen microstructure representation is explained. In the second part the DE fabric representation is verified using experimental results from a biaxial tension
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Fig. 1. Material representation with the Discrete Element Method.

 

test and a uniaxial bias extension test. Finally the influence of coatings is studied in simulations of the uniaxial bias extension test.

 

2 Modelling Approach

The presented modelling approach uses the Discrete Element Method. In the frame-work of this modelling technique a material is represented as a number of discrete mass points mi . The mechanical properties are introduced by different rheological elements connecting the mass points. The assembly of mass points and rheological elements on the microscopic scale determines the macroscopic material behaviour like Young’s Modulus and Poisson’s ratio. Figure 1 depicts the material representa-tion in the frame of the DEM. For each node i of the system the state variables po-sition, velocity and acceleration are tracked. The equation of motion for each mass point m i reads as

m     j   d x i ¨ i = ( F ij + f ),              (1) ij

with the vector of the acceleration components x ¨i and of the sum of all interaction and damping forces           d F ij                                      i and f acting between and its neighbours j . It is solved

ij

numerically in an explicit manner. For the numerical integration a Gear predictor-corrector scheme [12] is employed, using time derivatives of the state variables up to the fifth order.

2.1 Geometrical Fabric Representation

In order to represent fabrics and fabric reinforced membranes with the DEM, the microstructure has to be discretised into concentrated mass points and interactions between these points, which have to represent the relevant microstructure mechan-isms. In Figures 2a–d the process of the model generation is demonstrated. The fab-ric’s unit cell is discretised and a great number of model unit cells are then assembled in order to form a macroscopic patch of material. In the following, a restriction to the most common fabric geometry, the plain weave, is made. Based on a represent-ation of the fabric’s unit cell, the mass of the yarns in each unit cell is concentrated 54      D. Ballhause et al.
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Fig. 2. Discretisation of plain weave fabric: (a) fabric, (b) unit cell, (c) model of the unit cell, (d) assembled patch.
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Fig. 3. Geometric representation of plain weave fabric: weave parameters.

 

into a point mass located on the centreline at the crossing with the orthogonal yarn, as depicted in Figure 2c. The major deformation mechanisms of this unit cell are related to deformation and movements of the yarns. The yarn paths are modelled as linear connections between the point masses. This geometrical representation is a common simplification applied by many researchers, e.g. by Kawabata et al. ([6, 7]), who analytically derived equations for the plain weave material behaviour based on the geometry of a unit cell. Although piecewise linear yarns are only a coarse ap-proximation of the curved yarn path, Kawabata et al., among others, were able to obtain good agreement with experimental results. A second basic assumption is the application of the so called pin-joint model [13]: The warp and weft yarns are not allowed to slip at the crosspoints, only relative rotation is admitted. This assumption holds for embedded fabrics, while in some cases yarn slippage may appear in pure fabrics [14].

The geometry parameters of the DE fabric representation are the yarn spacing of warp and fill s1 and s2 and the fabric height h as depicted in Figure 3. The fabric height of the model is the distance of the centrelines of the two yarns at the crossings. Its initial value   0 h can be obtained from the real fabric as half of the sum of the initial transverse yarns thicknesses 0      0 t and t:

1      2

t 0    0 t +

h0     1    2 = .                              (2)
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Fig. 4. Interactions in fabric unit cell: (a) pure fabric, (b) additional matrix interactions. (A) longitudinal yarn, (B) transverse yarn compression, (C) yarn rotation at crossings, (D) matrix stretching, (E) matrix shear.
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An important geometric parameter of a fabric is the crimp Si of warp and fill yarns (i = 1, 2), which is a measure for the amount of undulation of the yarns in the fabric. It can be defined as the relative difference of the length of the yarn in the unit cell li and the length of the unit cell Li in warp or fill direction as



l                    i i − s 2     2 + L        h

S        i = =         − 1                  (3) i                                                           .
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Based on these geometry assumptions the deformation mechanisms of the unit cell can be defined as a set of interactions representing the behaviour of the yarn and matrix respectively. Figure 4 summarises the two groups of interactions applied in the DE fabric model.
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2.2 Fabric Interactions

The interwoven yarns that build the fabric structure are the major load carrying ele-ments in a fabric reinforced membrane. The DE fabric model consists of three types of interactions which describe the yarn behaviour in the fabric’s unit cell. These are the longitudinal yarn stiffness, the transverse compression stiffness and the shear stiffness, named A, B and C in Figure 4a.

 

2.2.1 Longitudinal Yarn Stiffness

As the yarn path is modelled as a straight line connecting two neighbouring nodes at the crossings, its simplest representation is a linear elastic spring element between these to points i and j . Due to the dynamic solution technique also dissipative terms should be considered. This can be achieved through the application of a Kelvin ele-ment, i.e. a dashpot element parallel to the spring element as depicted in Figure 5a. 56      D. Ballhause et al.
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Fig. 5. Longitudinal yarn interaction: (a) Kelvin element; spring element characteristics: (b) linear elastic, (c) non-linear elastic, (d) linear elastic linear plastic.
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The linear elastic characteristic of the spring (Figure 5b) is a suitable assumption for yarn materials like glass fibre bundles, if the applied stresses stay well below the yarn strength. It can be formulated as
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F l                                                  lij − 0 l ij k l ij with ij ij = = ,                               (4) 0 l ij
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wherein        0 l ij         ij and l are the actual and initial length of the connection line between the

[image: ]

two masses i and j and kl is the linear longitudinal stiffness parameter. The second parameter for the longitudinal yarn elongation is the linear damping coefficient dl which works on the relative velocity vij between i and j

f d    d                                (5) ij        l v = . ij

In some cases the yarn elongation chracteristic shows an initial non-linear elastic straightening part, as demonstrated in Figure 5c, or elastoplastic behaviour Figure 5d, as observed for yarn materials like polyester. These non-linear responses can easily be implemented since the solution type is explicit.

 

2.2.2 Transverse Compressive Stiffness

The warp and weft yarns at each crosspoint of the weave are in contact. The major de-formation mechanism of these yarn crossings under biaxial tension is the adaption of the crimp according to the ratio of the applied forces. This crimp interchange leads to the geometrical nonlinear stress-strain behaviour of fabrics under biaxial loads. With increasing load the pressure on the yarns at the crossing increases and the transverse compressional behaviour gains significance. Due to reordering of the fibres in the bundles that form each yarn, the cross section of the yarn can be deformed and the resulting flattening leads to a decrease in the distance of the centerlines of the yarns. This behaviour strongly depends on the type and geometry of the applied fabric. In order to cover a broad range of materials, a general exponential form for the contact stiffness is chosen
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(a)                            (b)                            (c)
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Fig. 6. Transverse yarn compression: (a) yarn crossing, (b) section, (c) contact element char-acteristic.
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(a)
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(b)                 (c)
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Fig. 7. Shear stiffness at yarn crossing: (a) shear interaction, (b) linear trellising interaction, (c) locking interaction.
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h 0 − h
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F    k           ij = c          nc                     ij        ij c c                c          0 with = , (6)
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h ij

wherein         0 h ij          ij and

h are the actual and initial distance of the yarn’s centerlines. The

two parameters for the contact behaviour thus are the contact stiffness kc and the contact exponent nc .

2.2.3 Shear Resistance

A shear deformation of a fabric leads to a relative rotation of the warp and weft yarns around their crossings (trellising). Pure fabrics show only very small resistance to shearing over a broad range of the shear angle γ . If the shear angle reaches a certain limit, the locking angle γL, the shear resistance rapidly increases. Any further shearing usually leads to local buckling of the fabric. The rotational resistance is formulated as a function of the shear angle γ which is related to the intersection angle φ of the yarns at the crossing through γ = π/2 − φ. It has the dimension of a momentum   r M (γ ) which then is applied as a force F on the neighbouring

r

masses (see Figure 7a). In order to cover the two parts, trellising and locking, it can be described as

M r          t                 L M (γ M(γ ij              ij ) = + ),                              (7) ij

with the trellising resistance    t                                                            L M and the locking resistance M. The trellising part is modelled linear elastic as
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Mt = kt γij , (8)

with the trellising stiffness parameter kt . The locking part is implemented similar to the exponential contact law of the transverse yarn compression. The exponential part gives nonzero values when the rotation angle γij reaches the locking threshold γ0, which is defined by the locking angle γL and the locking interaction range rγ as γ0 = γL − rγ . The locking interaction then takes the form

 

M L      0,              if γij < γ0 = n γ ij − L γ                  (9) 0 k 

L               ij    0 r , if γ ≥ γ. γ
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The locking behaviour is thus controlled by four parameters, the locking angle γL, the locking range rγ , the locking stiffness coefficient kL and the locking exponent n L.

In cases of stiff matrix materials or coatings, the effects of yarn rotation can be small against the shear stiffness of the matrix. In these cases the fabric shear resistance of trellising and locking might be neglected.

2.3 Matrix Interactions

If a coated fabric or a fabric membrane should be modelled, the influence of the coating or matrix must be considered. The mobility of the yarns in a fabric is hindered depending on the effective stiffness, which depends on the material properties and the thickness of the embedding. Two main effects are considered in the presented model: matrix stretching under yarn-parallel tension and matrix shearing in case of shear loads. In Figure 4b the representation of these two effects as interactions is depicted as D and E.

2.3.1 Stretching

The matrix stretching is considered in the form of a network of interactions acting between the neighbouring masses at the top and bottom surface respectively. In the basic form of the model these interactions are defined as linear elastic, similar to the longitudinal yarn stiffness (Equation (4)):

F m   k                          (10) ij        m = ij ,

with the matrix stiffness parameter km.

2.3.2 Shear Resistance

The shear rigidity of the matrix material, which prevents the relative rotation of the yarns, is implemented similar to the trellising interaction in Equation (8) as a linear elastic rotational spring
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Table 1. Summary of interactions and their parameters.
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longitudinal yarn      yarn stiffness          k l

yarn damping        dl

transverse yarn       contact stiffness       k c

contact exponent      n c

yarn rotation          trellising stiffness      k t

locking stiffness       k L locking exponent      n L locking angle         γL locking range         rγ

matrix stretching      matrix stiffness        k m matrix shear          shear stiffness         k s

[image: ]

 

Ms = k γ , (11)

s   ij

with the matrix shear stiffness ks.

With the presented five types of interactions for the fabric and coating the DE fab-ric model is completed. The parameters of the considered interactions of the model are summarised in Table 1.

 

3 Numerical Results

In order to verify the validity of the DE fabric model two experimental setups with pure fabric material, a biaxial tension test and a bias extension test, were used as a reference for simulations. It is shown, that the fabric representation of the model is capable to produce realistic results. Finally, in the third application example, again a bias extension test, the influence of an increasingly stiff matrix material is studied, as a demonstration of the capability of the model to simulate uncoated as well as coated fabrics.

 

3.1 Biaxial Tension Verification

In a biaxial tension test two main issues can be studied, the transverse yarn compres-sion behaviour and the crimp interchange. Both effects lead to a non-linear stress-strain reaction of the fabric under tension. The first can be identified as a material non-linearity, because the deformation of the cross-section of the yarns, i.e. the con-tact law, is the source of this effect. The second effect is a geometric nonlinearity. Due to an adaption of the crimp of the intersecting yarns, i.e. an increase or decrease of the waviness, strain offsets can appear in the reaction curves. If a symmetric plain weave fabric is loaded with equal tension forces, the crimp interchange is minimal and the remaining non-linearity can be assumed to be due to the non-linear yarn compression only. Thus the case of equal load, characterised by a biaxial force ratio 60      D. Ballhause et al.
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curve parameter                     9 a − 4 . 13 × 10 N
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b            7 1 . 95 × 10 N c              3 5 . 50 × 10 N

linear stiffness                        4 k l         3 . 60 × 10 N transition strain                       −3 1 48 T . × 10 transition force     FT    37.4 N
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Fig. 8. Yarn characteristic for biaxial tension test: (a) experiment and model, (b) fitted para-meters

 

of kF = F1/F2 = 1 in case of force controlled setups or a biaxial strain ratio of k = 1/2 = 1 in a strain controlled setup can be used to identify the contact be-haviour of the yarns. The effect of crimp interchange on the other hand is dominated by the geometric parameters of the weave. These can be obtained from microstruc-ture analyses or they can be identified indirectly from biaxial test with unequal load ratios.

For a first verification of the DE fabric model, experimental data of a biaxial tension test published by Buet-Gautier and Boisse [16] are used. A balanced plain weave glass fabric is investigated in a strain controlled biaxial tension tester. Force over strain curves of the fabric are obtained for strain ratios k = 2, 1 and 0.5. Additionally one curve for uniaxial tension with the transverse direction being free and the characteristic of a single yarn extracted from the fabric are reported. In the first step the characteristic of the single yarn is fitted. An approach with two domains for the initial non-linear elastic straightening and the linear elastic part is applied in

 

the form                      3      2 a b    c            , l + + if ≤ T F () =             (12) k l ( − T ) + F T if > T .

The fitted values of the coefficients a , b and c, the linear stiffness kl, the transition strain and force T and FT and the resulting yarn characteristic are given in Figure 8. The studied glass plain weave is characterised in [16] by a yarn density of n = 0.22 1/mm and a crimp of S = 0.4%. The geometry parameters of the DE fabric model can be derived from these as

s = 1/n = 4.55 mm (13)

for the yarn spacing and
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h =        2 s (S + 1 ) − 1 = 0.4 mm                (14)
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Table 2. Biaxial tension verification: fitted parameters for contact interaction.
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fabric height        h     0.38 mm contact stiffness     k c    5.1 kN contact exponent    n c    10

[image: ]

 

Fig. 9. Results of biaxial tension test: experiment and simulation.
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as a starting value for the fabric height, which will then be fitted. In the simulation a patch of 10 × 10 yarns is assembled and the strain boundary conditions are applied as an elongation with constant rate. The parameters of the transverse yarn compres-sion, i.e. the contact stiffness kc and the contact exponent nc of Equation (6) and the geometric parameter of the fabric height h are fitted to the experimental results of the strain ratio k = 1. With the identified set of parameters given in Table 2 the remaining load cases of k = 2 and 0.5 and the uniaxial case are predicted. The res-ults for the force per yarn over the fabric strain from experiment and simulation are compared in Figure 9. A good agreement for the general biaxial behaviour could be achieved.

3.2 Bias Extension Verification

In the second verification example a bias extension test is conducted on a symmet-ric plain weave glass fabric. Again the experimental results are used to identify the suitable parameters of the model. In this setup a rectangular patch of fabric is loaded 62      D. Ballhause et al.
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yarn spacing       s      1.58 mm fabric height        h      0.3 mm yarn stiffness       k l      55 kN specimen length   L s    340 mm specimen width    Ws    120 mm

[image: ]

 

Fig. 10. Bias extension test: setup and test parameters.
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trellising stiffness    k t      4.4 Nmm locking angle        γ     45.5 deg L locking range        rγ     15 deg locking stiffness     k L    0.02 Nmm locking exponent    n     4 L
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Fig. 11. Bias extension test: microstructure scan and fitted model parameters.
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uniaxially with the loading direction having a bias angle of 45 ◦ to the two yarn dir-ections. If the length to width ratio of the specimen is sufficiently greater than one, a zone of pure shearing evolves in the centre of the patch. In Figure 10 the setup of the test is demonstrated and the parameters of the specimen are given. The yarn stiffness kl has been obtained from tension tests on single yarns extracted from the fabric. The strain rate of the experiment is kept constant at ˙ = 0.03 1/min and the resistance force of the specimen is recorded. In-situ scans of the microstructure of the fabric in the centre shear region are made at an strain interval of approximately 1.4%. With these scans the local shear angle of the fabric in the centre region can be determined. The two curves of resistance force and average shear angle in the centre region are used to identify the shear parameters of the DE fabric model. In this setup the contact behaviour has nearly no influence on the macroscopic deformation. Thus the values for contact stiffness and exponent were chosen to be fixed as kc = 5 kN and nc = 10. Figure 11 shows an example of a scan of the microstructure and lists the fitted parameters for the trellising and locking interaction.
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The results of simulation and experiment are compared in Figure 12. The plot of the resistance force over the patch strain in Figure 12a shows clearly the the two ranges of trellising with low resistance and locking with a strong increase of resist-ance. Both regions and the transition between them are fitted well. Figure 12b shows the development of the average shear angle in the centre region of the specimen. The
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(a)                                               (b)
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Fig. 12. Bias extension test: comparison of experiment and simulation. (a) Force vs. strain, (b) average shear angle in centre region vs. strain.

 

general behaviour is represented well by the simulation. Over a broad range of strain the shear angle increases nearly linear. When the locking range is reached, the in-crease is reduced. In the simulation this part is reached later than in the experiment, although the resistance force in the locking range is fitted well. The main reason for this discrepancy may be an increasing error in the shear angle measurement based on the microstructure scans. In the locking range the specimen starts to build wrinkles in the centre region and the measured angel can not be determined precisely any more. The macroscopic deformation state of the patch is given in Figure 13. The upper part is a photograph of the specimen at 25% strain. The lower part shows a 3D visual-isation (left) and the distribution of the local shear angle of the fabric’s unit cells (right) as obtained by the simulation. The shape of the simulation results matches well, even the formation of some longitudinal wrinkles can be observed, although the exact wrinkling pattern is not reached.

 

3.3 Influence of Matrix Stiffness

In the previous two applications it was shown, that the DE fabric model can re-produce the macroscopic and microscopic behaviour of pure fabric materials under biaxial tension and shear. Now the influence of a coating or embedding on the shear behaviour is studied. Again the setup of a uniaxial bias extension test is used. Three parameter configurations are applied. The first is an uncoated fabric, only with trel-lising and locking interactions activated. In the second configuration an intermediate matrix shear stiffness of ks = 0.001 Nmm is applied, which represents a soft coated fabric, while the last simulates a stiff membrane with a matrix shear stiffness of ks = 0.01 Nmm. In the two last cases, the trellising interaction is inactive. Table 3 summarises the simulation parameters used in this study. The simulation results for 64      D. Ballhause et al.
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Fig. 13. Bias extension test: deformed state at 25% strain: experiment (top), 3D visualisation (bottom left) and distribution of shear angle γ (bottom right) from simulation.

Table 3. Matrix stiffness in bias extension test: Simulation parameters.
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specimen length              L s      83.4 mm specimen width              Ws     27.9 mm yarn spacing                  s        1.0 mm fabric height                   h        0.2 mm longitudinal yarn stiffness      k l       1.0 N contact stiffness                k c       5.0 kN contact exponent              n c      10 trellising stiffness               k t        0.01 mN locking angle                 γL      40 deg locking range                 rγ       10 deg locking stiffness                k        0.01 Nmm L locking exponent              n L     4 matrix stretching stiffness      k m      0.1 N matrix shear stiffness          k s       0.0–0.01 Nmm
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the resistance force over the patch strain are given in Figure 14a. The force is nor-malised with the longitudinal yarn stiffness kl. The stiff membrane, case C, shows a nearly linear increase of the force, while in the soft coated and uncoated cases (A and B) the distinction between the ranges of trellising (at strains up to about 18%) and locking can clearly be observed. The development of the average shear angle in the centre of the patch over the strain in Fig.14b shows, that an increasing matrix
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(a)                                               (b)
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Fig. 14. Influence of matrix stiffness in bias extension test; simulation results for uncoated fabric (A), fabric embedded in soft (B) and stiff matrix (C): (a) normalised force vs. strain, (b) average shear angle in centre region vs. strain.
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Fig. 15. Influence of matrix stiffness on bias extension test; shear angle distribution in de-formed state at 25% strain: (a) uncoated fabric, (b) fabric embedded in stiff matrix.

 

shear stiffness reduces the amount of shear deformation. The macroscopic deforma-tion state and the distribution of the local shear angles in the patch are compared for the two cases of uncoated fabric and stiff fabric membrane (A and C) at 25% strain in Figure 15. The stiff membrane shows a generally smaller shear deformation than the pure fabric, the high shear values in the centre region of the patch are reduced by approximately 10 degrees.
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4 Conclusion

A model for pure fabrics and fabric reinforced materials in the framework of the Discrete Element Method is presented. With the definition of a small number of interaction mechanisms on the micro-scale, the model is able to predict the macro-scopic nonlinear deformation behaviour of these materials. The effects of crimp in-terchange, as well as trellising and locking are represented. The ability of the model to reproduce the macroscopic and microscopic deformation behaviour of pure fab-rics was demonstrated in two application examples. It was shown that the imple-mented microstructure mechanisms are sufficient to obtain good agreement with ex-perimental data. In a third application the influence of a coating or embedding was studied and the applicability of the DE fabric model to the full range of fabric re-inforced membranes was demonstrated. Future applications of the presented micro-structure model are the simulation of failure and damage progression. These tasks would make full use of the capabilities of the DE approach, as large deformations, localisation of failure and dynamic interactions can be accounted for.
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Abstract. In the design of membrane structures, one encounters the problem of “non-developability”. The final membrane structure is doubly curved, but has to be built from flat panels. Due to this discrepancy, additional stresses arise in the structure. Methods are presen-ted for including these stresses in the form finding procedure and structural analysis for a more realistic representation of the actual stress state.

 

Key words: cutting pattern, form finding, structural analysis, non-developability.

 

1 Motivation

For the load carrying behavior of a membrane structure the combination of prestress and curvature is essential. Due to the negligible bending stiffness of the membrane material (fabrics, foils, etc.) only this geometrical stiffness enables the structure to withstand the various load cases.

This particularity has to be taken into account in the numerical analysis of a membrane structure. On the one hand a fully non-linear description of the deform-ation process is needed, which is capable of handling large rotations and rigid body movements. On the other hand the stress state inside the membrane has to be com-puted as accurately as possible.

While the first requirement is fulfilled in most FE models, some simplifications are usually made for the latter one. It is generally assumed that the total stress state consists of two individual parts: one representing the prestress and one describing the elastic stresses due to deformation. The prestress is initially prescribed by the designer and is used in the form finding process to define the unloaded reference configuration of the structure, which represents the equilibrium shape for this given prestress state within certain boundary conditions.

Here a problem arises: the resulting shape is generally doubly curved (non-zero Gaussian curvature) and therefore not developable, while the membrane material

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 69–84. © 2008 Springer. Printed in the Netherlands.
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itself is produced in plane panels. One tries to overcome this discrepancy in the pat-terning process. The three-dimensional surface representing the intended final shape of the structure is divided into strips. These prestressed strips, which are in general doubly curved like the whole structure, are then flattened and compensated to gen-erate the cutting patterns. The aim is to minimize the difference of the prescribed prestress state and the actual stress state in the structure built out of strips, which are cut out of the material according to these cutting patterns.

The magnitude of the additional stresses due to the non-developability depends on a variety of parameters. The most significant ones are the Gaussian curvature of the structure, the shear stiffness of the material and the shape of the cutting patterns (especially the strip width). It is typically assumed that the stress difference is relat-ively small and therefore can be neglected. This relation may hold true for structures with relatively small curvature and a low membrane stiffness to prestress ratio, but it cannot be taken for granted for every structure and has to be checked from case to case. New methods for form finding and structural analysis of membrane struc-tures in consideration of cutting patterns are proposed, which include the additional stresses resulting from the deformation of planar strips to a doubly curved shape.

 

2 Form Finding via Cutting Patterns

In the process of form finding the equilibrium shape for the resulting stresses under a given load case within certain boundary conditions is determined. The load case consists in general only of mechanical prestress, but also the consideration of external loads like pressure is possible. Several different approaches can be used to find this shape, under which the updated reference strategy [1] – with its special case the force density method – and the dynamic relaxation method [4] are the best known. Since in all these methods the existence of prestress is postulated, no matter how it was generated, no material parameters are needed. However, due to this assumption these methods are not capable of describing the real adjusting prestress state, which will differ from the theoretically prescribed one.

The objective of the proposed approach called form finding via cutting patterns is to adjust the stress state already during the form finding process in an iterative procedure, such that the final form is the equilibrium shape for stresses resulting from assembling the cutting patterns, while keeping the difference between the actual and desired stress state as small as possible.

As the name indicates, this strategy consists of two independent steps, which are repeatedly carried out until convergence is reached.

At each iteration step i the cutting patterns   i    for the current three-dimensional

2D

configuration   i    are determined under the assumption that the prestress state is

3D

identical with the prescribed prestress state – although   i     is in general not the

3D     + 

equilibrium shape. In a second step the real equilibrium shape   i    1 for the stress

3D
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Fig. 1. (a) Cutting pattern generation. (b) Form finding.

 

state, which results from assembling of the cutting patterns and moving them into the boundary conditions, is computed. The resultant three-dimensional configura-tion may differ from the previous three-dimensional configuration. This necessitates the repeated execution of the whole procedure of cutting pattern generation and sub-sequent form finding, until the difference between the geometry (and respectively the prestress state) of configurations of two successive iteration steps is within a certain tolerance.

In the following, each of the two steps is explained in more detail.

 

2.1 Cutting Pattern Generation

For the cutting pattern generation a rather mechanical than mathematical approach is used. Just consider some three-dimensional, doubly curved membrane structure i , which is built out of an elastic material. To find the two-dimensional planar

3D

shape   i , which approximates the three-dimensional doubly curved shape the best

2D

possible way, the structure is at first pressed into a plane. This plane can be chosen arbitrarily, it only has to be paid attention to the fact that the material must not overlap itself. This deformation causes additional elastic stresses in the structure. Further on, the membrane is released and allowed to relax itself in the plane, while keeping the boundary conditions (BC) statically determinate to prevent rigid body motions. The membrane reaches the two-dimensional configuration   i    with a residual eigen

2D

stress state. If the residual stress is now set to zero, this configuration represents the cutting pattern. Figure 1a illustrates this procedure.

Depending on the application one can choose, if the cutting pattern should be compensated, i.e. stress free, or have an inherent prestress state. For the generation of compensated cutting patterns ( 2D), the three-dimensional structure has to be flattened and compensated. It is possible to combine these two procedures into one step. In this case, the governing equation obtained by the principle of virtual work 72      J. Linhard et al.

reads:



−δw = t   (Sel,3D            E → 2 D + S ps ) : δ3D→2D dA3D

A3D 

= t   (C : E3D         ) δ → 2 D + S ps :E3D→2D dA3D = 0.       (1)

A3D

In this equation, t is the thickness of the membrane, A3D the area of the three-dimensional configuration. δE3 D →2D is the variation of the Green–Lagrange strain tensor referring to the three-dimensional configuration, which is a fully non-linear strain measure and allows large displacements. The second Piola–Kirchhoff stress tensor consists of two parts: S el,3D →2D represents the elastic stresses due to the de-velopment into a planar shape, which can be computed with the material tensor C and the strain tensor E 3D →2D, and Sps the prestress state in the membrane. The prestress term is essential for the compensation, since it causes a “shrinking” of the flattened strip. Hence, the strips, which are cut out according to the obtained cutting patterns, have to be stretched to fit into the boundary conditions of the three-dimensional struc-ture and prestress is induced.

It is also possible to determine prestressed cutting patterns ( ), which are not  2   D

compensated. They are created by only flattening the three-dimensional structure. Generally speaking they are not real cutting patterns, since a structure built out of strips, which are cut out according to these patterns, would have a prestress state about zero. The “real” cutting patterns have to be generated in a separate compensa-tion step. Nevertheless, the advantage of this method is to predict “correct” stresses, if the given material parameters are related to the prestressed and not to the stress free configuration, as it is the case e.g. for foils. The material behaves highly non-linear during the deformation it has to undergo until it reaches the prescribed prestress state, whereas the material can be assumed to be linearly elastic for additional small strains in the prestressed configuration.
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Fig. 2. Cutting pattern generation.
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In this case, the governing equation excludes the prestress term of the second Piola–Kirchhoff stress tensor and has the following form:



−δw = t   S        δE      dA el, 3 D D → 2 D : 3 D → 2 D

A3D 

= t   (C : E     ) δ E      dA 3 D 2 → D : 3 D 2 →3D D = 0.         (2)

A3D

2.2 Form Finding

In the form finding process the cutting patterns – compensated ( i  ) or prestressed

i                                                               i +                                                         2D

(                                            1 ) – are given and the shape has to be determined, which is in equilibrium

2                               3 D D

with the stresses caused by the deformation of the cutting patterns to the final shape. Of course the aforementioned form finding methods could be used, but it can be easier done with a deformation load case. The cutting patterns are virtually attached together and moved into their boundary conditions for the planned structure. During this deformation, each of the inner points of the membrane is allowed to move in all spatial directions and therefore has three degrees of freedom (DOF).

For the usage of compensated cutting patterns the governing equation is:



−δw = t   Sel,2D              dA → 3 D : δ E 2 D → 3 D2D

A2D 

= t   (C : E2D→3D) : δ E2D     dA → 3 D2D = 0.          (3)

A2D

The two-dimensional cutting patterns are now the reference configuration for the stress evaluation. Accordingly, the respective integration domain of the equation above is their area A2D.

If prestressed cutting patterns are used, the prestress term of the second Piola– Kirchhoff stress tensor has to be included:



−δw = t   (S     3D + Sps) : δE      dA el, 2 D → 2 D → 3 D2 D

A2 D



= t   (C : E        S ) δE             0.       (4) 2 D → 3 D + ps : dA 2 D → 3 D 2 D =

A2 D
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Fig. 3. Flow chart: Form finding via cutting patterns.

 

2.3 Numerical Realization

For computational purposes, the respective geometries and displacement fields are piecewise approximated in standard FE manner by interpolation of discrete nodal coordinates or displacements [6]

 

X n el k = 1 2 N (θ , θ)Xk ,

[image: ]

k 1 =

u    n el k = 1 2 N (θ , θ)uk,
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k 1 =

x     n el   1 2 = k N (θ , θ)(Xk + uk ).               (5)
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k 1 =
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Fig. 4. Chinese hat: Assembled geometry and cutting patterns.

 

The advantage of this general approach is, that it allows shape functions of higher polynomial order and is not restricted to planar triangles.

The non-linear equations (1)–(4) are solved iteratively using the Newton– Raphson procedure. In order to achieve faster convergence, the initial configuration should be as close as possible to the final configuration. This is done by using the respective solution of the previous step (form finding or cutting pattern generation) as the starting point for the current iteration. For example, the resulting equilibrium shape   i    at form finding step i serves as initial configuration for the Newton– Raphson iteration at form finding step i + 3D

1. The result is the new equilibrium shape

i    1 + 3   . Figure 3 shows a flow chart of the whole iterative procedure. D

2.4 Examples

2.4.1 Chinese Hat

The first example shape to illustrate the described new method is the well known “Chinese hat” shape (a similar shape appears in [7]). The diameter of the upper ring measures 1.2 m, the diameter of the lower ring 5.6 m. Each of the two rings is fixed and the height difference in between is 1.0 m. Along these boundary conditions the membran construction consists of 12 equal segments with a prescribed prestress of 2.0 kN/m in every direction.

For the material ETFE foil was chosen. This isotropic material is assumed to be-have linearly elastic in its prestressed form and therefore can be described with the 76      J. Linhard et al.
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Fig. 5. Chinese hat: Principal stresses.

 

St. Venant–Kirchhoff constitutive model for the plane stress state. The correspond-ing material parameters are the Young’s modulus E = 220 kN/m and the Poisson’s ratio μ = 0.4 [8]. Since ETFE foil behaves highly non-linear during the compensa-tion, the method with prestressed cutting patterns is chosen. That means that the final compensated cutting patterns have to be determined in another calculation, which is not shown here. The finite element discretization was done with four-node isopara-metric quadrilateral elements. A conic form was chosen as starting geometry and is shown along with the first resulting cutting patterns on the left side of Figure 4. The final result (geometry and cutting patterns) can be seen at the right hand side of the same figure.

The resulting principal stresses in the final configuration are displayed for one segment in Figure 5. It can easily be seen that there are stress peaks along the edges of a patch, whereas the stress is slightly lower than the desired prestress in the center of each strip. The highest stress deviation (positive and negative) appears in the narrow region close to the upper ring due to the high Gaussian curvature, while the stresses in the relatively flat area close to the lower ring are almost identical with the prescribed prestress.

Another interesting observation is the fact that the amount of maximum posit-ive stress deviation exceeds the amount of the maximum negative stress deviation. But since the high stress peaks are located on a relatively narrow band along the edges, while the main area in the center of the strip has a small lack of prestress, the prescribed prestress is reached in an integral sense.

 

2.4.2 Four-Point Tent

In the second example a four-point tent with cables along the four edges shall be built out of 8 strips of PTFE-coated glass fiber fabric. The diagonal between two
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Fig. 6. Four-point tent: Assembled geometry and cutting patterns.

 

fixed corner nodes at the same height measures 12.0 m, the height difference 3.5 m. The prescribed membrane prestress is 4.0 kN/m, the cable force 40.0 kN.

The Münsch–Reinhardt constitutive model was chosen to model the orthotropic behavior of the fabric. The material properties are taken from [10]:

Ewarp = 1500 kN/m,   Eweft = 500 kN/m,   G = 80 kN/m,   μae = 0.333.

The initial geometry (Figure 6) is cut into 8 strips along equidistant vertical planes. For the sake of simplicity, this is only done at this point in the first step, as otherwise remeshing would be necessary, which would not help the clearness of the example (a more realistic cutting line layout along geodesic lines is presented in Section 3).

Since the three-dimensional geometry is the reference configuration for the cut-ting pattern generation, the orientation of the orthogonal fibers on this surface has to be known. They are prescribed by the same technique that Bletzinger et al. [1] used for anisotropic prestress. The fiber directions are defined on a plane, which is in this case the horizontal plane, and projected on the curved three-dimensional surface. The resulting direction vectors are in general not orthogonal to each other, which is a prerequisite for the material model. Therefore methods have to be applied to guaran-tee orthogonality. One possibility is to keep one defining vector fixed and rotate the second one in the tangential plane until they are orthogonal to each other. A second 78      J. Linhard et al.

possibility is to equally spread both vectors. Both are rotated in the tangential plane by the same amount but in different directions until orthogonality is achieved.

The warp direction on the reference plane in this example is parallel to the diag-onal spanned by the two lower corner nodes and the second possibility for projecting the fiber directions was applied.

Now the fiber directions are known on the three-dimensional surface (fi,3D ) but not on the resulting two-dimensional cutting patterns (fi,2D). However, this is ne-cessary to know for the deformation load case, where the cutting patterns are the reference geometry. This problem is solved by using the polar decomposition of the deformation gradient F into the rotational tensor R and the right stretch tensor U [5].

F = ∂ x = R · U. (6)

[image: ]

∂ X

This equation states that the every nonsingular deformation can be divided into a part of pure stretch and a part of pure rotation.

The fiber vectors on the three-dimensional surface of unit length are rotated with R into the two-dimensional plane. Out of these generally non-parallel vectors the mean direction is calculated. Of course other methods like least-square methods could be applied.

 

f             A R · fi,3D dA3D 3 = 

i,2D                            ,      i = {1 2}               (7)

    D                           ,   . R · fi,3D dA3D 
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A3D

The assembled geometry along with the respective cutting patterns can be seen in Figure 6 for the initial and final configuration.

The principal stresses in the final configuration are displayed in Figure 7. The same observations as in the first example can be made. The stresses in the regions close to the edges are considerably higher than the prescribed prestress, while the stresses in the center of the strips are lower than desired. Again it can be seen that the prestress deviation raises with the absolute value of the Gaussian curvature.

 

3 Static Analysis in Consideration of Cutting Patterns

In the previous section it is shown that the real prestress state in a membrane struc-ture (as well as the shape of the structure itself) may differ significantly from the prescribed theoretical one due to the non-developability of doubly curved surfaces. The discrepancy can only be evaluated if the necessary information is available. In this context we need to know the cutting patterns and the material parameters in order to determine the additional stresses.

The usage of cutting patterns in the analysis of a membrane structure is of course not restricted to the form finding procedure. Cutting patterns can be considered in the
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Fig. 7. Four-point tent: Principal stresses.

 

structural analysis as well. In the preliminary stages of the design process it makes sense to work with simplifications such as to assume a homogeneous prestress state, since the final structural layout (not to mention the cutting patterns) may not be known already. But the more the design process is proceeding the more information about the structure is available and can be used for a more appropriate simulation of the structure.

The basic idea behind a static analysis in consideration of cutting patterns is to use the two-dimensional cutting patterns (compensated or prestressed) as the ref-erence configuration for stress evaluation and not the unloaded three-dimensional structure. Therefore three different configurations are needed in total for a static ana-lysis. The cutting patterns represent the two-dimensional reference configuration. Another reference configuration, which is now three dimensional, is obtained by at-taching the cutting patterns together and moving them into their boundary conditions. This configuration is necessary for evaluating the external loads of the structure, e.g. the area on which snow or pressure acts. The third configuration is the final config-uration, which will be established under loading.

The governing equation is again obtained by the principle of virtual work:

−δw = −(δwint + δwext)

= t    (Sel + Sps) : δE dA2D −    p · δu dA3D = 0.       (8)

A2D                          A3D

The total virtual work can be separated into internal and external virtual work. The internal virtual work is evaluated by integration over the two-dimensional area of the cutting patterns: Sel describes the elastic stresses of the membrane, Sps the 80      J. Linhard et al.
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Fig. 8. Four-point tent with snow load.

 

prestress in the cutting patterns, which is omitted if compensated cutting patterns are used. δE is the variation of the Green–Lagrange strain tensor. The integration domain for the external virtual work is the three-dimensional reference configuration. p is the loading, δu represents the variations of the displacements.

To obtain the solution, the non-linear equation needs to be discretized and linear-ized as described in Section 2.3.

 

3.1 Example

As an example a four-point tent with edge cables is exposed to a static snow load (Figure 8). The dimensions of the structure and the material properties of the mem-brane are identical with those of the second example in Section 2.4.2. The snow load was set to 0.4 kN/m 2.

The two reference configurations – the cutting patterns and their assembled shape – were obtained as follows: first, the equilibrium shape for the ideal pre-scribed prestress is generated with the updated reference strategy. Then this three-dimensional structure is divided into patches along geodesic lines, which are de-termined with a method similar to the one proposed in [4]. A discrete geodesic line connecting a given starting and ending point and consisting only of edges of the trian-gular elements is introduced in the FE mesh. In the following form finding steps this line is then pulled into a real geodesic line. The residual forces normal to the surface as well as the residual forces of the starting and ending point have to be suppressed so that the final shape is not affected by the geodesic line calculation. The membrane elements are automatically pulled to the right position so that no remeshing of any intersected elements is necessary. In a third step the form finding via cutting pat-terns procedure is applied, which delivers the respective two- and three-dimensional reference geometries (Figure 8).

In the following, the results of a static analysis assuming homogeneous prestress are compared with a static analysis in consideration of cutting patterns. Figure 9
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Fig. 9. Stress distribution in [kN/m] for load case prestress.

 

depicts the stresses in the unloaded structure. Of course the stresses for the first variant with the homogeneous prestress assumption are identical with the prescribed prestress. When the compensated cutting patterns are used to induce prestress, the resulting stresses are similar to the stresses in the second example in Section 2.4.2. There are stress peaks along the strip edges, while there is a small lack of prestress in the strip center. The magnitude of the stress deviation in this example is higher than in Section 2.4.2 because the increased strip width of the two middle strips.

In Figure 10 the membrane stresses in the final configuration under full snow load are displayed. The first principal stress indicates the main load carrying direc-tion of the structure, which is identical for both variants. Since membranes buckle under compression the main load carrying direction is mainly parallel to the diagonal connecting the two high points. The second principal stress is significantly different for both variants. If cutting patterns are used as reference basis for stress evaluation, 82      J. Linhard et al.
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Fig. 10. Stress distribution in [kN/m] for load case prestress and snow.

 

one can see that in the center of the two middle strips the stresses parallel to the diag-onal connecting the two low points fall off to almost zero. As a consequence wrinkles may occur if the snow load is increased. This phenomenon can not be described with the variant using ideal prestress. In this case wrinkling sets in at a far too high snow load.

If the cutting lines in this example were orientated parallel to the diagonal from high point to high point, the additional stresses caused by the non-developability of the doubly-curved surface would rather effect the maximum stress than the appear-ance of wrinkles.

In order to simulate the influence of seams between two adjacent patches on the mechanical behavior parallel to the seam line, cable elements with equivalent stiffness and prestress can be introduced in the FE mesh. The respective properties
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have to be integrated over the additional cross section area, since cable elements are line elements.

Of course the described method of including cutting patterns in the static ana-lysis can be applied without any complications in the dynamic analysis of membrane structures.

 

4 Conclusions

The consideration of cutting patterns in the form finding procedure and the structural analysis of membrane structures (static and dynamic) allows a more realistic simu-lation of the stress distribution in the final structure. Due to the non-developability of the generally doubly-curved membrane structures it is not possible to achieve a homogeneous prestress state and additional stresses occur. For anticlastic structures there are stress peaks along the edges of a patch, while there is a lack of prestress in the patch center. Synclastic structures (e.g. inflated domes) show the inverse effect. Here the resulting prestress is higher in the patch center and lower along the edges.

The amount of the stress deviation depends on a variety of different parameters. The most significant ones on the structural side are the Gaussian curvature of the structure, the cutting line definition and the resulting strip width. On the material side the shear stiffness plays a crucial role. The additional stresses can be neglected, if the material has no significant shear stiffness (as it is the case for uncoated fabrics), but they can reach a considerable amount for increasingly shear stiff materials like coated fabrics and foils.

The form finding via cutting pattern method is capable of adjusting the prestress state according to these additional stresses while trying to minimize the difference to the theoretically desired stresses. The found equilibrium shape and the corres-ponding cutting patterns can then be used in a static or dynamic analysis to obtain a more realistic stress distribution in the membrane under external loading compared to simulations with assumed homogeneous prestress.
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Kinematics in Tensioned Structures
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Abstract. Movement in tensioned structures can be found on three different layers. On the microscopic layer the sliding of molecular chains in polymer fibers or the sliding in the crys-talline grid in steel wires is used get material with high strength. On the second layer tensioned structural elements such as cables, belts and fabric made of high strength wires and yarns are showing several movements under tension influencing the stress and strain behavior, the long term behavior and the possibility of folding and bending with less strain. On the third layer the behavior of tensioned structures is described by movement and strain less deformations depending on the curvature, pretension and installation process.

 

Key words: movement, kinematic, materials, strain less deformation, fabric.

 

1 Introduction

In nature two opposed principles of load carrying exist: large stiffness and low de-formation, and low stiffness and large deformation. Large stiffness of structures re-duces deformation but increases the stresses resulting in a high amount of mater-ial. Lightweight structures are mostly flexible reducing the stresses in the structures by reacting with larger deformation against external loads. Larger deformations of structures are allowing a steady stress distribution, more homogeneous stresses and a more efficient use of material. If wind acts on trees, grass and flowers the plants with-stand the wind load by large movement reducing the internal stresses. The movement has to be controlled in a way that no sudden stiffness and failure follows. Structures for building have to be stiff and rigid and the way of thinking in structural engineer-ing is avoiding large deformations and rigid body movement. Depending on loading, boundary conditions and geometry kinematic structures are able to carry loads. Kin-ematic structures will move against acting loads till equilibrium is reached and the movement is depending on the flexibility of the structure itself, of the structural ele-ments and of the materials.

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 85–97. © 2008 Springer. Printed in the Netherlands.
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Membranes can be rolled up, folded together, be easily transported and get only enough stability for load carrying if they are tensioned. Typical for load carrying structures working with tensioned elements is their high degree of movement which needs another understanding of structural behaviour compared to conventional struc-tures such as concrete or steel structures. The movement in such kinematic systems causes changes in geometry without elastic strain till equilibrium can be fulfilled between external loads and internal stresses.

The geometry of the structure is then defined by the equilibrium for a certain loading. The geometry is stable but highly sensitive, each load different in distribu-tion and direction leads to a new geometry fulfilling equilibrium. Depending on the flexibility of the structures the changes in geometry are rigid body movements or strain less deformations.

 

2 Layers of Kinematics

Working in the field of tensioned structures it is necessary to deal with the move-ments in the structures, their elements and the materials which can be found in a wide range of scale starting from the manufacturing process of high strength ma-terial, the behaviour of cables, belts and fabrics and ending with the movement of whole structures. Kinematics in cable and membrane structures can be found in five levels:

• On the material level such as the production and behaviour of polymer materials.

•   On the structural element level such as woven fabrics and cables. •   On the level of structures during assembling, deploying or inflating. •   On the level of structures such as under external load. •   On the level of structures as the movement of whole structures.

 

2.1 Movement in Materials

Polymers are made of carbon-hydrogen chains which are arranged highly unoriented in amorphous polymers and ordered in crystalline polymers. Freely arranged mo-lecular chains cause large movement and the orientation of the chains in direction of the acting forces which can be shown by the large deformation of polyethylene foils under uniaxial tension stresses. The behaviour results in very low stiffness and large strain. The partly crystalline structure of polyester fibres shows a different be-haviour under tension stresses. The movement of the crystalline parts within the fibre increases the stiffness, if the crystalline parts can be oriented in direction of the ten-sion stresses. The deformations are lower and the stiffness is higher. In high strength fibres such as LPC (Vectran), Aramid (Kevlar) or polyethylene fibres (Dyneema) the molecular chains are oriented in the direction of the fibres which leads to very high strength and high stiffness.
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Fig. 1. Low strength and high strength materials.
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Fig. 2. Low strength and high strength materials.

 

The stress and strain diagram of a single polyester yarn which was in a woven fabric shows the typically behaviour of partly crystalline polymers. The first loading is non-linear and causes irreversible strain while the following nine loading cycles are relatively constant in behaviour with an increasing of irreversible strain. Furthermore ultimate tension strength and strain are depending on the loading history described by time of the acting load, the loading speed and temperature. Long term stresses such as the pretension of the fabrics in membrane structures leads to creep and relaxation.

The advantages of high strength yarns such as a nearly linear and elastic beha-viour, low ultimate strain, less creep and relaxation are paid by some disadvantages. The fibers are showing a brittle behaviour, they just break if the ultimate strength is reached. Cables, Belts or fabric made of high strength polymer are allowing only a few or no rearrangement of stresses in a membrane structure. This requires precise manufacturing, construction and controlling. The orientation of the molecular chains in the fibers reduces the tensile strength by additional lateral pressure shown by the knot strength of different fibers. This has to be considered designing edge details for 88      R. Wagner

Table 1. Ultimate strength and knot strength of different polymer fibres.
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Fibre material                       Trade Name        Ultimate      knot strength

strenght [% of ultimate

[N/mm2]      strength]

[image: ]

Polypropylen             PP      Hostalen             450           55–60

Polyamid               PA 66   Nylon, Perlon        670           60–65

Polytetraflorethylen       PTFE    Tenara             660–880         65–70

Polyethylenterephthalat    PET     Trevira, Diolen       1,200           55–60

Polyethylen hochfest      HPPE    Dyneema        2,600–3,300       35–50

Spectra              3,600           35–50

Aramid, hochfest         AR      Kevlar 29        2,800–3,000       30–40

Liquid Crystal Polymer    LCP     Vectran             3,300          40–50
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membrane structures such as clamps or if fabric of high strength fibres is used in deployable structures. Each folding causes a reduction of strength.

 

2.2 Movement in Fabric

Yarns are made of the spinning process of fibres and the yarns are woven to fabrics. Woven fabrics are mostly made of parallel yarns (warp) hold together by the per-pendicular crossing fills. During the woven process warp and fill get turned around and curved to keep the fabric in shape. The interaction between warp and fill is only pressure and friction between the yarns and leads within the fabric to several move-ments. The yarns are sliding and rotating against each other, curved yarns will get straightened and straight yarns will get curved if the lateral pressure of the crossing yarns is high enough. Coating is reducing the movements but does not preventing them.

Sliding of warp and fill has to be considered during the coating process and in sewed seams. During the coating process fill yarns are sliding on warp yarns depend-ing on the coating process. During the conventional coating process the fills are not fixed along the edges compared to the warp which is kept under tension. Results are that the distance of yarns is not equal and the direction of warp and fill is not neces-sarily perpendicular in the coated fabric. Mostly the fills are curved which influences the cutting pattern and load carrying behaviour.

Sewing is one of the best methods connecting fabric, seams are able to carry high loads, the seams allow small radius and closed volumes for inflated structures can easily be manufactured. Disadvantages are the untightness of the stitches and the labor costs. One failure of a sewed seam is caused by the sliding of yarns behind the seam if the thread and the arrangement of the seam allow higher stresses. The failure is typically for uncoated fabric and very well known in old clothes.

Kinematics in Tensioned Structures 89

[image: ]

 

Load tangential to the fabric       Load in direction of the yarns     Loads not in direction and parallel to one direction       different amount                  of the yarns

Sliding of yarns                   Geometrical change in shape     Rotation and shear

Fig. 3. Movement in woven fabric related to the load.
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Fig. 4. Sliding of yarns.

 

The interaction between warp and fill under tension stresses in direction of the yarns is influencing the stress and strain behaviour of each fabric. Depending on the curvature of the yarns and the stress ratio the Young Moduli are changing. The changes are depending on straightening of the curved yarns and flattening of the yarns at the crossing points by the interaction between warp and fill. The result is highly non-linear stress and strain behaviour of the fabric related to the twist and geometry of the yarns which is also influenced by the loading history. The total strain is an addition of elastic strain and change in geometry which includes the change in shape of yarns in cross section and elevation.
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Fig. 5. (a) Fabric in cross section, unloaded. (b) Change in geometry under axial load.
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Fig. 6. Strain–time diagram defining the three deformation moduli.

 

The relation between stress and strain is described by the deformation moduli which are different related to the application such as the

•   Compensation as input data for the cutting pattern; •   First loading defining the pretension process; and •   Stress and strain behaviour under life load.

The values are determined in biaxial texts requiring the pretension stresses as well as the maximum and minimum stresses under life load in the structure. The testing program contents three steps. The first loading is comparable with the situ-ation on site and gives the stiffness for simulation the construction process. Second the following three or five load cycles are run between the highest and lowest stress defining the value for the compensation. Finally the stress is hold on the pretension stresses swallowing first the warp direction and finally the fill direction. If the stress is kept constant in one direction, the Poisson ratio can also be determined.

Finally warp and fill can rotate against each other if the stresses are acting not in direction of the yarns. The rotation is depending on the stresses and stops if the yarns are touching each other (chumming condition) which lead to a sudden shear stiffness. The rotation helps for example to reach double curved surfaces after tensioning the membranes. In orthotropic materials the Young Moduli are independent from the shear modulus. This allows the determination of the shear modulus in biaxial tests by orientating the yarns under 45◦ to the test load. Measuring the strain in warp and
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Fig. 7.                                                    ◦ (a) Change in geometry under load acting in 45 to the yarns. (b) Influence of the coating to the distortion.

 

fill direction and under 45◦                            ◦        ◦ . If the load is different in 0 and 90 the angle between warp and fill is changing in relation to the acting load fulfilling equilibrium in the changed geometry.

The shear modulus is defined by the rotation of the yarns and distortion of the coating till equilibrium is reached, the distortion is depending on the shear stiffness of the coating and therefore the coating is not negligible. Normally the coatings are belonging to thermoplastics which mean the shear stiffness is depended on temperat-ure, loading time and loading speed. Short time load such as wind increases the shear stiffness in the membrane as well as low temperature. The non-linear behaviour of the coating leads to a non-linear shear stiffness. For a PVC-coated polyester fabric biaxial tests had been carried out measuring the Young Moduli and the Shear stiff-ness [2]. Compared to the stiffness in direction of the yarns and the Poisson ratio the shear stiffness is very low.

 

2.3 Movement in Structures

Large movement can be found during the progress of assembling, inflating or de-ploying. The stability of the membranes is during the tensioning and inflating process very low and allows only less or no wind loads. The movement under external load is highly influenced by the geometric stiffness of the tension stresses or internal pres-sure in inflated structures, the shape and curvature of membranes and the boundary conditions. Mostly strainless deformation occurs if the external loads are not affine to the geometry of the system in distribution and direction, for example the wind load to arch shaped inflated structures.
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Fig. 8. Non-linear behaviour of the shear stiffness of a PVC coated polyester fabric [2].
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Fig. 9. Movement of fabric during tensioning and inflating.

 

2.3.1 Assembling of Membranes

The way from the unfolded and not tensioned membrane to the final geometry under tension is mostly movement and only at the very end the stress distribution within the fabric is defined by the geometry, the internal equilibrium, the strain and the movement in the fabric. The process can be described with three steps. The first step is unfolding and layout of the membrane, the second is inflating or tensioning and the final step is bringing the structure in its end position. The stress distribution in the final position is defined by the direction of yarns related to the main curvature influencing the movements of yarns within the fabric.

Controlling the stress distribution after tensioning or inflating the structures re-quires a numerical method simulating the manufacturing, assembling and tensioning process. Most of the inflated structures are designed by 3D-Design software not tak-ing into account the equilibrium under internal pressure, elasticity and strain less deformation of the fabric, the orientation of the cutting pattern and the stiffness of
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the seams. In the following example the design steps are showing the process of nu-merical simulation of cutting pattern, reassembling and inflating. The input data are a 3D Model of the geometry of the structures, the internal pressure, the stiffness of the fabric and the orientation of the seams. Software tools which are used for the process are AUOCAD 2000 and EASY.

One simplification is made in the process because the 3D model of the inflated structure is already geometrically developed in a way that the design rules of inflated structures are considered such as circles in cross sections and the orientation of the seams in direction of the main curvature. The model is tube designed in a shape of a scarf, wrapped around a cylinder and inflated. Both ends are closed and connected to the inner part of the structure that only one chamber exists. The geometry is poly-gonal in the ground plan and divided in sections of 10◦ . The circumferential rings are the cutting lines.

The structure is made of 54 single strips and a triangle mesh of each strip allows a simple flattening. The flattened strips are remeshed and the orientation of the mesh describes the direction of warp and fill. The most advanced step is the connection of the 3D seam lines and the flattened and remeshed strips. Finally the structure is inflated. In the inflated structures the stiffness of the seams can be seen in the higher stresses. It can also be seen the angle between yarns of neighbored strips perpendicular to the seams. The numerical model of the structures describes more precise the material behaviour than the purely geometric model. The movement from the flattened strips to the inflated structures requires simulation methods dealing with large rigid body movement running into the equilibrium under internal pressure.

2.3.2 Movement under External Load

The movement of membranes under external loads is depending on the geometry of the membrane, the curvature of the surface and the boundary conditions. There is a tendendy in textile architecture towards flat membranes but even the dead load of ma-terial causes a sack which allows strain less deformations under wind load and noisy flattering. The flattering is directly related to the sack and the tension stresses in the membrane. The flattering of membranes can also be brought in relation to the durab-ility of the material and this is a hardly known field. Fatigue of membrane materials used in tensioned structures is till now not systematical examined. Unsolved tasks are for example the influence of steady movement to the ultimate tension strength or when and why does wind gusts lead to cracks in the fabric.

Well known is the strain less deformation of single curved surfaces such as air supported halls. The shape of the air supported hall is defined by the equilibrium of the internal pressure and the membrane stresses. The wind load distribution over the surface is not affine to the shape of equilibrium and causes large deformation of the hull till equilibrium is served between internal pressure, wind loads and membrane stresses. The deformations of the hull can reach 50 cm to 1 m depending on the size of the structures without failure.

94      R. Wagner

[image: ]

 

Fig. 10. Development of a inflated structure taking cutting pattern into account
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Fig. 11. Flattening of a membrane with less curvature and tension stresses.
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Fig. 12. Deformation of a air supported hall under wind load, scale 1:1 for the deformation.
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Fig. 13. Deformation of a sphere under horizontal wind load without shear stiffness.

 

The low shear stiffness of the coated fabric causes strainless deformation in mem-branes with double curvature if the load path through the membrane requires higher shear stiffness than existing. The loads can only be carried to the supports by large de-formation to ensure the equilibrium between the external loads and internal stresses. A typical example for the behaviour is a inflated sphere under horizontal wind load and radial cutting pattern.

The geometry of edge cables in tensioned membranes with anticlastic curvature is defined by the stresses in the membrane and the curvature of the surface; the geo-metry is similar to a helix if the tension stresses are the same in warp and fill. The ori-96      R. Wagner
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Fig. 14. Strainless deformation of edge cables.
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Fig. 15. Inflated cushion without rigid elements to keep the shape. Photo: Peter Michael Schultes, Vienna.

 

entation of warp and fill is influencing the strainless deformation of the edge cables under external load. In the example the direction of the warp is the loading direction with positive curvature and the fill is oriented in span direction. Snow load increases the stresses in the warp and the fill get slack. The stresses along the edge cable are causing strainless deformations of the edge cable. The geometrical change of the edge cable may cause overstress in the edge of the low points.

 

2.3.3 Movement of Structures

The movement of whole structures is used to mount and unmount deployable struc-tures. One of the main proposes is to keep the structures light weigh. The deployable mechanism mostly increases the weight of the structures. Inflated structures build as

Kinematics in Tensioned Structures 97

closed chambers have the advantage to be light weight, are able to carry wind loads and are movable such as hot air balloons or airships. The disadvantage of inflated chambers is their restriction in the geometry. A sphere needs large extension and is hardly useful as roof structure. The reduction of height is only possible to the ratio height/diameter of 1/3, this means a cushion of 15 m diameter requires a height of 5 m. Cushion are built with bending stiff rings increasing the weight and the use the cushions as movable roofs is not yet realized.. The task is to design a cushion shaped inflated structure without any stiffing ring avoiding additional weight and keeping the cushion stable enough to withstand wind loads. One possible solution of a lens shaped inflated cushion is shown in Figure 15 as a 1:10 scale model for a movable roof.

 

3 Conclusions

• Movements in membrane structures can be found on three levels depending on

the levels beginning with the behaviour of polymers over to the coated fabric to

the membrane structures itself.

• The movement influences the load carrying behavior and has to be taking into

account on the different levels.

• The understanding of the movements is necessary to ensure the safety and dur-

ability of the structures.
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Abstract. After studying the historical background, the suitability of pneumatic formworks for the construction of irregular curved thin shells was examined, as an answer to modern double curved architecture. Part of the study is the design of the pneumatic formwork for an irregular curved thin concrete shell. Several measures to obtain the required shape were studied with a membrane engineering program. Guidelines for the design of pneumatic formwork are derived.

 

Key words: irregular curved formwork, concrete shells, inflated membrane mould.

 

1 Introduction

The last two decades, we can see a trend towards irregular curved buildings in ar-chitecture. The double curvature causes many problems in construction and design and it is also costly and time-consuming. Pneumatic formwork might be an answer because with this method monolithic thin shells can be constructed fast and cheap. The aim of this research was to study the suitability of pneumatic formwork for con-struction of irregular curved thin shells. Because this construction method is quite unknown, the following also describes this method and the involved load-carrying behaviour of shells and pneumatic structures.

 

2 Pneumatic Formwork

The principle of this construction method is to spray concrete, polyurethane foam or other plastics on the inside or outside of an inflated membrane. Reinforcement

 

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 99–116. © 2008 Springer. Printed in the Netherlands.
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Fig. 1. Spraying concrete on the outside (YSM for Building, Neff and Isler): laying founda-tions – inflating formwork – placing reinforcements – spraying concrete – deflating formwork after hardening of concrete. (Source: Frutiger International [2])

[image: ]

 

Fig. 2. Spraying concrete on the inside (Monolithic Dome Institute and PIRS SA): laying foundations – inflating formwork – spraying polyurethane foam on inside – placing rein-forcements on hangers – spraying concrete – leaving membrane as colourfull waterproofing. (Source: Sigler [3] and Monolithic Dome Institute [4])
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Fig. 3. Bini’s method: laying foundations – attaching first membrane – placing springs and reinforcements – pouring concrete – applying upper membrane – inflating membranes with fresh concrete – vibrate concrete with trolleys. (Source: Sobek [5])

 

consists of steel bars embedded in the concrete. After hardening, the membrane is taken off or out for reuse or left as a waterproof layer. The result is a strong mono-lithic shell. Till now over 70 000 shells are constructed with pneumatic formwork all over the world. Among them are villas and refugee shelters, storages, leisure and religious buildings. Currently only three companies built them: YSM for Building in Israel sprays on the outside, and Monolithic Dome Institute in Texas, USA, and PIRS SA in France spray on the inside. For spraying on the inside (Figure 2), it is necessary to first spray a layer of polyurethane foam onto which the reinforcement can be applied. This 7.5 cm thick polyurethane shell partly carries the load of the steel bars and the 2.5–4 cm shotcrete. An inner pressure of only 0.25–1.0 N/mm2 is enough to support the formwork and the polyurethane layers. A higher pressure of 3.5–10 N/mm2 is needed to support the 5 to 10 cm concrete sprayed on the outside (Figure 1). This higher pressure needs stronger anchorage of the airform, like for example a thick foundation beam, or the system of Heifetz with radial fixed trusses.
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Fig. 4. The public aquarium in Cabries with arched girders added to the 12 cm thin shell to carry the bending moments generated by the irregular shape, 1999, France. (Source: PIRS SA [6])

 

All kind of shapes and openings are possible. Till now hemispherical and el-lipsoid shapes are applied, but also a banana-shape, domes on rectangular plan and other odd shapes. The bending moments generated in irregular shaped shells, like the aquarium in Figure 4, need extra attention. Large openings can be made in any size and form. However, reinforcement around the opening needs attention, and round openings (or rounded corners) are preferred to avoid notch stresses.

 

3 Techniques, Materials and Possible Improvements

The advantages, disadvantages, possible improvements and opportunities of pneu-matic form-work in the current building practice were studied in a SWOT analysis. Modern techniques and materials that can improve this method are: steel fibres, pre-fabricated nets, mechanical spraying by a robot, a combination of pneumatic form-work with milled polystyrene, and the implementation of plastics. The first two pos-sibly reduce costs and labour, and were further studied.

Replacement of the steel reinforcing bars by steel fibres was evaluated by study-ing the specific characteristics of sprayed concrete, the characteristics of steel fibre reinforced concrete, and their application in the Netherlands. The most important characteristics of steel fibre reinforced concrete compared to concrete without steel fibres are the following: improved ductility; reduced crack width and propagation; high initial strength; and high wear of spraying equipment. With these characteristics steel fibres can be used in thin concrete shells to compensate with shrinkage, tem-perature effects, local deformations, and to provide crack control. For small shells they provide the necessary ductility, which makes reinforcements rods redundant, and which therefore largely reduces costs and labour. However, for larger shells at least one layer of reinforcement rods is necessary to carry tensile stresses due to point loads, impact loads, wind loading and other asymmetric loads.
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Fig. 5. Design guidelines for irregular double curved shell.

 

It was also investigated whether prefabricated nets could replace the time-consuming handapplied steel reinforcement rods. Currently, reinforcement is applied per rod on hangers or on blocks. Although the rods are easily handled because of their small diameters (6–12 mm), their application still takes 35% of the construction time. Prefabricated wire mesh in curved pieces was evaluated as an alternative by study-ing its time reduction and strength. The study showed that prefabricated nets give a small time reduction on site, but then again the prefabrication is costly and labour-intensive, due to varying curvatures. Another disadvantage is the possible inferior coherence between pieces, which needs study and experiments.

 

4 Guidelines for Shape Design of Irregular Curved Shells and Pneumatic Structures

The pneumatic formworks (i.e. pneumatic structures) and the final shells have differ-ent load-carrying behaviour. These differences were studied, and based on its results the following guidelines for shape design could be determined. The recommended guidelines for shells aim at irregular curved thin shells and the most optimal shape for such a shell. An optimal shell shape is here defined as a shell taking most ad-vantage of its shape to carry its load (by membrane stresses). The guidelines are the following (Figure 5):

•   Avoid small curvatures and thus almost flat parts. •   Try to avoid single curved and thus cylindrical parts. • Accordingly, strive for double curvature, whether it is synclastic or anticlastic.

• Observe the antiponding theory or antiwatercollection theory. This theory implies

that if a rainwater pipe is needed in a shell structure to prevent ponding, the shell

itself needs a support to carry down its forces in order to prevent large tensile

stresses.

• Avoid large openings at a right angle to the shell, because they cause large bend-

ing moments in the edge.

The following principles/guidelines are recommended for the shape design of pneumatic structures/formworks (Figure 6):

•   soap bubbles and thus pneumatic structures basically exist of spheres;
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Fig. 6. Guidelines, i.e. principles for designing pneumatic structures (figure left: Otto [7]).

 

•   a higher pressure causes a greater volume and a smaller radius; •   basically, pneumatic structures cannot be formed in rectangular shapes; •   basically, pneumatic structures cannot have opposite synclastic shapes; •   height depends on shape of edge.

In order to achieve a deviant shape, the pneumatic formwork can be manipulated with irregular shaped edges, point supports, inner walls, cables, a partly thickened membrane, and a membrane supported by inflated spheres. The last alternative was designed for and used in the case study.

 

5 Deformation of Pneumatic Structures Supporting Curing Concrete

Deformations of air-supported structures is a complex subject. While a sagging of 0.004 · 1 is allowed for roof structures (usecondary; NEN6702) under variable loads, a much larger sagging is allowed and common for pneumatic structures. Herzog [10] speaks about a maximal deformation under variable loads of 0.1 · R. He cites another source with wmax = 0.03 to 0.05 · R for hemi cylinders. Tables in Herzog [10] show that for hemi cylinders to obtain an allowable deformation of 0.1 ·R, the over pressure should be at least 1.2 times the snow load for a low structure (height/width = 0.3), and at least 3 times the snow load for a higher structure (height/width = 0.8). For the alternative pavilion a deformation of 0.1 · R would mean 90 cm sagging. However, curing (lightweight) concrete cannot handle such large allowable deformations of decimetres to a meter.

Thus, while 0.5 kN/m2 is enough over pressure for most air-supported structures, 3.5–10 kN/m2 is necessary to pressurize air-supported formwork for concrete shells. No guidelines are found to calculate over pressure producing permissible deform-ations under the load of the fresh concrete to guarantee a good hardening. Only, Sobek [5] shows some results with deformations dependent on spraying order and initial shape. However, the following can be derived easily.

An air-supported structure will have a certain shape, e.g. hemispherical, and size as a result of a certain overpressure, radii (shape) and stiffness of the fabric. A con-crete layer sprayed on the outside of this membrane will obviously cause a sagging 104     P.C. van Hennik and R. Houtman

[image: ]

 

Fig. 7. 2  Shape at meridian for two different shells;  a  span    16 m,  =  d  =  10 m,  p  =  3 kN/m

i

[5].

 

and bulging outwards of the membrane. The magnitude of this deformation is de-pendent on the following factors:

•   ratio of the over pressure ppressure and the variable load qconcrete: a high inner

pressure combined with a small load, will cause small deformations; •   R: a small radius gives smaller deformations; •   height/width or the relative height: a low structure will sag more under vertical

load than a higher structure.

A sagging of one or two decimetres can be allowed, provided that this is reckoned with in the design like is shown in Figure 7, and provided that the sagged shape is stable. The stability of the inflated formwork under concrete load is influenced by the following:

•   temperature; according to the ideal gas law the volume of an inflated formwork

will shrink if the temperature lowers (e.g. 2 3  p  =  4  .  5 kN/m  ,  V  =  1526  .  8 m,

T 3  40  C to  T  =  20  C (313 K to 293 K), volume shrinks to  V  =  1448  .  8 m

1              2                                                 2 = ◦                                    1 ◦

unless pressure is lowered to p2 = 4.27); •   atmospheric pressure; according to Sobek [5] atmospheric pressures vary during

the day 0.05–0.1 kN/m2 in mild climates, and due to extreme weather changes it

can change 1–2 kN/m2 within a few hours.

•   irregularities in the air pressure control device.

A decent air pressure device should control the changes due to temperature and atmospheric changes to maintain one volume during curing.

A way to maintain one constant shape during application of the concrete is adding more pressure. However, this is dissuaded, because the inaccuracy is very large.

Table 1 shows the compressive strength development typical for modern sprayed concrete. Steel fibres increase the initial strength of sprayed concrete which is ad-vantageous for these building methods.
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Table 1. Compressive strength development typical for modern sprayed concrete [9].
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Fig. 8. Sketch of 4 Grand Piano pavilion by Dré Wapenaar and alternative 4 Grand Piano pavilion.
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6 Case Study: Alternative 4 Grand Piano Pavilion

The guidelines and improvements were applied in a case study of the 4 grand piano pavilion for Simeon ten Holt by Dré Wapenaar. With as starting-shape the original design sketch (Figure 8), an alternative design was made. The shape was designed in such a way that both the final shell and the pneumatic formwork would have an optimal load-carrying behaviour. Concrete, lightweight concrete and PU-foam were deliberated as material, by judging its sprayability, its weight, and its (buckling) strength. The thickness of the final shell was determined by studying the location of the reinforcements (one or two layers/inner or outer side), and the requirements for cover and layer thickness of spraying concrete. The resulting design is a 9 cm thick lightweight concrete shell, sprayed in two layers.

Furthermore, the foundation of this shell was designed, and concrete spalling and strength in case of fire, and the construction procedure were studied. Detachable alternatives were also studied. The load-carrying behaviour of both the designed curved shell and a shell with the shape of the built pavilion (reference shell) were analysed in Ansys. Statical analyses in the ultimate limit state with snow load for both fixed and pinned supports were reviewed. The results showed that the double curvatures give the shell much stiffness (deformation of a few millimetres), and re-106     P.C. van Hennik and R. Houtman
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Fig. 9. The Four Piano Pavilion designed by the artist Dré Wapenaar during the Festival in Den Bosch, the Netherlands (photo by R. Houtman).
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Fig. 10. Tension stresses in the anti-clastic area of a thin shell.

 

duce the maximum tensile stresses with 75% if compared to the reference shell. The structural analysis with Ansys showed furthermore that smooth anticlastic areas in thin shells give tensile stresses in the upwards direction (Figure 10). The anticlastic area hangs onto the adjacent synclastic shell areas, just like a hyperbolic parabol-oid shell hangs onto its edges. Extra reinforcement is needed to carry these tensile stresses.

The corresponding pneumatic formwork was also designed. After studying the theory of pneumatic structures and alternatives to manipulate its shape into the de-signed shell shape, the formwork was modelled in Easy. With this model, parameter
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studies were performed with different pressures, force densities, supporting spheres with higher pressures, initial hardening of the lower edge, and cables and double membranes. The following deals with this parameter study.

 

7 Parameter Studies on the Way to the Right Shape

Various parameter studies are done in order to find the right inner pressure and re-straints which give a reasonable shape under the first layer of lightweight concrete. They are shown here because they show the influence of these parameters on the shape and membrane stresses.

 

7.1 Pressure in One Air Chamber

In the Easy program STATIK several load cases are statically analysed with one air chamber:

a                2 pneu (1.0 kN/m);

b                              2 lightweight concrete (0.8 kN/m); c   1.0 pneu + 1.0 lc

d   1.5 pneu + 1.0 lc

e   2.0 pneu + 1.0 lc

f    2.5 pneu + 1.0 lc

g   3.0 pneu + 1.0 lc

All the links except the ones in the transition area are given a membrane stiffness of 1000 kN/m width, while the links in the transition area are given a three layered membrane stiffness of 3000 kN/m width.

The figures below show the deformation of the inflated formwork under these loads and the membrane stresses. An inner pressure of 1.0 kN/m2 which was as-sumed to be enough to withstand the concrete load, is clearly too light: the pneumatic formwork sags far beyond zero (Figure 11). Only with a pressure of 3.0 kN/m 2 or more the formwork does not sag beyond zero, but even here the lower 0.6 m sags to the ground. The vertical parts of the shape are the problem here. Figure 12 shows the principle:

(A) Low pneumatic structures with a large radius and thus almost horizontal surface

can withstand dead load with an inner pressure which is only a fraction larger than the dead load, without large deformations.

(B) The force resultant is directed downwards, thus the pneumatic structure collapse,

unless the horizontal upper part of the pneumatic structure can keep the lower part up to. To achieve this a large inner pressure is necessary.
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Fig. 11.                                                                            2 On the left the shape of the membrane by an inner pressure of 1.0 kN/m, and on the right the membrane with               2 p = 1 . 0 kN/m and the vertical load of lightweight concrete of 0.8 kN/m2.

[image: ]

 

Fig. 12. The principle of dead load on horizontal or vertical parts of a pneumatic shape.

 

The figure with membrane stresses shows that they are reasonable under 3.0 pneu + 1.0 lc.

Solutions to prevent sagging of the pneumatic formwork under the concrete load are:

•   Closed pneumatic spheres with higher pressure support the membrane at the

corners.

•   First spray a layer with low density, which partly bears the concrete load.

Polyurethane foam is used with this aim by MDI and PIRS, however, it is doubted

if PUR is strong enough to carry the first concrete layer for this complex shape.

An Ansys analysis confirmed that the low modulus of elasticity (9 MPa for PUR,

while 31000 MPa for concrete) causes a large deformation of 87 cm sag in top

[1, section 7.7.8]. For a simpler shape with less drawbacks PUR would probably

be strong enough, especially in combination with inner pressure. •   A higher pressure in the pneumatic structure, possibly in combination with a

stiffer fabric or double layered membrane. A disadvantage would be the stronger

or heavier foundation which is required.

•   The assumption that the lower 1 to 2 meters gain enough stiffness and can bear

themselves before the upper part is sprayed.

Pneumatic Formwork for Irregular Curved Thin Shells 109

Conclusion: Pressure in One Chamber

Irregular free shaped shells are possible to build with pneumatic formwork. However, vertical leanovers or drawbacks in its shape demand extra measures in both the shell and the pneumatic structure. The pneumatic formwork requires measures like closed inflated spheres to support the membrane or a higher pressure.

 

7.2 Initial Hardening of Lower Edge

The concrete shell will be sprayed from the bottom up in small strips spraying around upwards. It might reduce the deflection if the lower 1 to 2 meters are given time to harden before the concrete above is sprayed. For this parameter study the first 1.875 m is loaded first. Tables 2 and 3 give a summary of the deformations and the membrane stresses. The properties of the membrane are 1000 kN/m for the cent-ral dome and corner domes and 3000 kN/m for the three layered membrane in the transition area.

Parameter studies shows that for               2 p = 4 . 5 kN/m and more the side wards sagging of the inflated formwork under concrete load becomes small. With 2  p  =  7  .  0 kN/m

the deflection of the central dome is even reduced to 15 cm. However, the resulting

 

Table 2. Deflections for different pressures if the lower 1.875 m is sprayed first.
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Table 3. Membrane stresses for different pressures if the lower 1.875 m is sprayed first.
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Fig. 13. The principle of closed inflated spheres to support the membrane in the corners.

 

shape is 80 cm higher than the desired shape at the top of the central dome. Although p         2 = 4 . 5 kN/m gives a rather good shape, the membrane stresses – which are shown in Table 3 – are too high. Even the strongest Ferrari fabric, the Precontraint Fluotop 1502, cannot deal with these stresses.

 

Conclusion: Initial Hardening of Lower Edge

First spraying the lower 1.875 m, reduces the deflection a little if concrete is sprayed on the inflated formwork. However, the shape still sags decimetres, and a large pres-sure is needed to obtain smaller deflections.

 

7.3 Spherical Air Chambers to Support Corners

Inflating the pneumatic formwork with one inner pressure in one air chamber causes in particular the vertical parts of the corners to sag. Thus, one logical solution would be to support the corners with closed inflated spheres of R = 2.7 m. The shape in the corners from 2.5 m upward is anyway composed of a sphere with R = 2.75 m with the bottom 0.25 m below zero.

For this parameter study it is assumed that a full sphere supports the membrane from 1.875 m upwards and to the transition area. The full sphere is loaded with p = 9        2                                                       2 . 0 kN/m and the outer membrane is loaded with p = 4 . 5 kN/m. The pressures of the full sphere are simply applied by giving load area 7 this specific pressure. The membrane stresses in the full sphere will be in SLS according to Equation (1),

Nv = pi · R2/2   [N/m] for meridian direction              (1)

with the internal overpressure                2 p = 9 . 0 kN/m, the radii of the principal curvatures R 1     2 7 m: n = 2 = . = 12.2 kN/m. The properties of the membrane are 1000 kN/m for the central dome and corner domes and 3000 kN/m for the three layered membrane in the transition area. The lightweight concrete load of 0.8 kN/m 2 is applied on the whole membrane.

A summary of the deflections is given in Table 4, a summary of the membrane stresses in Table 5 and some shapes in Figure 14.
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Fig. 14. Shape of (a) shape 1a; (b) pneu+lc without corner spheres; (c) pneu+lc with corner spheres.

Table 4. Deflections with and without full spheres to support membrane at corners.
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Table 5. Membrane stresses for formwork with and without full inflated spheres supporting the corners.
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A review of these results shows that for the sagging of the inflated formwork after applying concrete, the corner sphere does not make any difference. However, they do make a difference: the deformation of the top relative to the designed shape is reduced with 25%; the undesirable side wards deformation near the bottom is re-duced with more than 50%, and the difference with shape1a of the top of the corners is reduced to almost zero. On the other hand, the membrane stresses in the transition area and the corners are multiplied by 6.
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Fig. 15. Spheres drawn inside inflated Easy model and the designed alternative shape show the difficulty of the design (author).

 

Conclusion: Spherical Air Chambers to Support Corners

A higher pressure in full spheres supporting the corners of the formwork greatly reduces sagging of these corners. Besides, they pull tight the central membrane which reduces the difference with the designed shape. However, the membrane stresses in the transition area and corners is greatly increased.

7.4 Varies Parameter Studies to Lower Central Ellipsoid Area

According to Otto [7], a shape can be pneumatically formed only if spheres can be drawn inside it, like shown in Figure 6 left. For the designed alternative shape this means problems for the central area which is designed as an ellipsoid instead of part of a sphere. Figure 15 shows the inflated shape and the designed shape. With the force densities which are most optimal to obtain the designed shape (calculated in Qufinn), the result is a spherical central part, like the drawn spheres show. However, the desired shape is elliptical with to the edge a transition with a much smaller radius. This shape cannot be formed according to Otto, and parameter studies with all kind of measures confirm this.
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Fig. 16. Major shape change is the central dome; right the shape change above the entrance.

 

Another conclusion concerning the central dome can be derived from the deflec-tion of the formwork for various pressures in parameter studies: The desired shape can be achieved with a pressure of ca. 2.0 kN/m2. However, this implies a large de-formation of 59 cm, which is most likely more than the sprayed concrete can deal with. The higher the internal pressure, the smaller the deflection after spraying the concrete, the more the resulting shell shape resembles a hemisphere in the middle.

Higher internal pressures also give high membrane stresses in the central dome that exceed the strength of 55/44 kN/m2. If such high stresses due to the measures necessary to reduce the deformation under concrete load cannot be avoided, a cable net can be used to strengthen the membrane.

To reduce the deflection after spraying and to lower the resulting shape, the fol-lowing small parameter studies are carried out:

• Double membrane for the central dome (Table 6): the height of the central dome

is lowered with 13%.

• Stiffening transition area by more layers (Table 7) or one cable on the central

dome side (Table 8): the deflection under concrete load is reduced with respect-

ively 30% and up to 25%, however the distance with shape1a stays ca. 45 cm.

A desirable effect of one cable at the inner side of the transition area is that it

pulls this side of the transition area down. On the other hand, a cable which is

too strong like e.g. f = 30x, gives an undesirable flat transitions area. • Increasing the pressure in the corner spheres (Table 9): stiffer corner spheres

flatten the middle dome, and thus decrease the difference with the desired shape.

However, the deflection under concrete load increases.
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Table 6. Deflections of top with double layered membrane (E2000) for the central dome de-flections in m pneu 4.5 kN/m2              2 pneu 7.0 kN/m.
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Table 7. Deflections of top of formwork with transition area three or five layers ( p = 4          2 . 5 / 9 . 0kN/m).
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Table 8. Deflections of formwork with transition area of four layers with one cable on the side of the central dome E = 12000 kN and an adjusted force density scaled 15 or 30 times.
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Table 9. Deflections of formwork with higher pressure in corner spheres with cable (f = 15 x).
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7.5 Conclusions Parameter Studies

The parameter studies carried out gave a good insight in the influence of several parameters on this shape. The most important conclusions are the following:

•                                     2 A minimum pressure of p = 3 . 0kN/m is required to prevent sagging of the

inflated formwork under its concrete load below zero, i.e. on the ground.
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• Vertical parts require extra measures, especially when they are not part of a cyl-

inder.

• Full spheres with a higher pressure to support the formwork at the corners, reduce

the deformation under the load of the sprayed concrete. Without these spheres the

formwork sags the most at the corners. This is prevented by the inflated spheres

with e.g. a pressure of 9.0 kN/m 2              2 by 4.5 kN/m for the rest of the membrane.

The spheres pull straight the lower 2 m of these corners by lifting the top of the

corners, which is advantageous for the concrete shell. Secondly, the spheres pull

tight the central dome which results in a lower dome. • The inner pressure shapes the central dome into a hemisphere. To lower this

central part into an elliptical shape measures are necessary like an extra cable on

the inner side of the three layered transition area.

• The higher the air pressure, the smaller the deformation under concrete load, the

further the resulting shape lies from the designed one. • A deformation under concrete load of 10–15 cm corresponds with such high

membrane stresses, that even the central dome requires a double layered mem-

brane.

 

7.6 Final Design of Pneumatic Formwork

The final design of the pneumatic formwork, which has to support the first layer of lightweight concrete, has a membrane with an internal pressure of 4 kN/m2 and four inflated spheres to support the corners of this membrane with an internal pressure of 8 kN/m 2 and R = 2.7 m. The transition area between the central dome and the corner areas exists of three layers of fabric.

 

8 Conclusions

8.1 General Conclusion

Pneumatic formwork is very well suitable to construct irregular curved thin shells. It is considerably less expensive and many times faster in construction than timber formwork. However, limitations exist on the shapes possible.

 

8.2 Conclusions about Pneumatic Formwork

The case study provided some important conclusions, and revealed common misun-derstandings about pneumatic formwork:

•   Internal pressure > load sprayed concrete. •   Deformations formwork under concrete load = 0. •   Vertical parts cause problems.
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•   Steel fibres partly improvement.

The two most important ones are shortly explained:

Internal Pressure = Dead Load

One of the conclusions from this parameter study is that an internal pressure of ap-proximately the same value as the dead load is not enough to support the pneumatic formwork. Low pressures are enough to support almost flat pneumatic formworks, however, as soon as the formworks become higher, the slanting or vertical parts supply a downwards force resultant, which can only be counterbalanced by higher pressures.

Deformation Formwork Under Concrete Load = 0 The different causes for deformations of the pneumatic formwork after spraying were studied, because they are harmful for the curing concrete. Of importance are the shape of the formwork – a low structure with large radii will sag more under ver-tical load than a higher structure – temperature changes, and changes of atmospheric pressure. In combination with the results of part of the research can be concluded that steel fibre reinforced concrete is advantageous for this building method, because of its high initial strength.
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Static Analysis of Taut Structures
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Abstract. The article presents a general framework for the nonlinear equilibrium analysis of taut structures, such as cables and membranes. Distinction is done between geometric and constitutive stiffness, and all the relevant matrices for truss and membrane finite element static analyses are derived, including the effects of sliding cables and following forces (such as wind pressures). The peculiarities of the design of taut structures are briefly discussed, considering the design of an existent membrane structure as a benchmark.

 

Key words: taut structures, tension structures, cables and membranes, nonlinear structural analysis and design.

 

1 Introduction

A taut string is frequently suggested to explain the behavior of more complex struc-tures, such as cable nets or membranes. Indeed, all these structures have essentially two states: either they are taut (in proper behavior) or they are slack, and they rely es-sentially on the existence of a tension field to behave properly. I would like to refer to these structures as ‘taut structures’, instead of ‘tension’ or ‘tensile structures’, terms used as well.

Taut structures are characterized by profusion of solutions, and it is difficult to define their geometric shape a priori. Since cables and membranes do not withstand bending – and thus, neither compression – shape cannot in general be imposed, but has to interact with external loads and internal stress field, to satisfy equilibrium.

The design of a taut structure thus involves the determination of an initial or vi-able configuration, encompassing the structure’s shape and the corresponding stress field. Besides, the viable configuration has to accommodate both architectonic re-quirements (form and function) and – minding materials – structural requirements (resistance and stability).

 

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 117–139. © 2008 Springer. Printed in the Netherlands.
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The geometric nonlinear behavior presented by taut structures usually overrules the use of analytical solutions, letting numerical analysis as the only general ap-proach to their design. The most systematic way to pose the overall design process of taut structures is via matrix structural analysis, and, within that scope, the finite element method (FEM), using Newton’s, dynamic relaxation or conjugate gradient procedures to solve the resulting nonlinear equilibrium equations.

One advantage of the FEM is that it provides, besides a viable shape, also a map of the stresses to which the structure is subjected. It is also adequate to determine the behavior of the structure under design loads, as well as to easily transferring data to the patterning routines, also these conveniently performed via structural analysis.

On the other hand, procedures based on the FEM or in other forms of structural analysis result, as a rule, in nonlinear analysis, and require specification of an ini-tial geometry, loads and boundary conditions, not always with well-defined physical meanings.

In brief, design of taut structures is necessarily integrated to analysis, in a process that encompasses procedures for shape finding, patterning and load analysis. An example encompassing these procedures is given later in this text. Some references on the subject are Haber and Abel (1982a, 1982b), Knudson (1991), Moncrief and Topping (1993) and Barnes (1994).

1.1 Geometrically Non-linear Equilibrium

The problem of the equilibrium of a structural system with nonlinear behavior can be described by differential equations whose solution requires, in most cases, some dis-cretization process. The problem is then reduced to a system of nonlinear algebraic equations.

In the case of cable and membrane structures, there is a more straightforward way to derive algebraic equilibrium equations, since cables can from the start be assimilated to a chain of straight links connected by hinges, thus working under axial stress only, and membrane surfaces can be approximated by a collection of plane triangular facets, also hinged at their common borders, and thus working under plane stress. A shift to naturally discrete problems is performed.

In order to highlight some basic properties of discrete nonlinear mechanical sys-tems, the problem of the global equilibrium of a system of n central forces (Figure 1) is considered. The resultant of the internal forces acting on the ith node of the system

is                                              n

Pi =    Nij v ij ,                       (1)

j 1 =

where Nij is the intensity of the interaction force between nodes i and j and vij = ij                                        / ij is the unit vector oriented from node i to node j . Also, ij = xj − xi and      1/2 ij = ( ij · ij ), being x i and x j the vectors defining position of nodes i and j , respectively.
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Fig. 1. A system of n central forces.

 

A generic node i of the system is also subjected to an external force F i , and the equilibrium of the system is expressed by

 n

F i +   Nij v ij = 0,   i = 1, 2, . . . , n,                 (2)

j 1 =

that is, a set of 3n coupled algebraic equations, with up to n(n − 1)/2 scalar un-knowns (since Nii = 0 and Nij = Nj i). The number of equations and the number of unknowns can match, if loads are put as functions of nodal displacements, but then a system of nonlinear equations arises.

 

1.2 Matrix Notation, Newton’s Method, Tangent Stiffness

It is convenient to change the vector notation used above to a matrix one. Thus, considering the ith node of the system, the Cartesian coordinates of its position vector can be stored in a column-matrix xi = [ xi ]3 ×1. Similarly, components of the external force, acting on the same node, can be stored in Fi = [ Fi ]3×1. Also, respecting usual conventions of matrix structural analysis, the column-matrix representing the internal force vector, acting on that node, is defined as Pi = [− Pi ]3×1.

Matrices xi , Fi , Pi , i = 1, . . . , n, can be grouped into three global matrices,

respectively, the position vector x = [ T    T         T T x x . . . x    , the external load vector 1 2 n ] 3 n × 1 F and the internal load vector P (with definitions analogous to x).

Nodal displacement can also be grouped in a column-matrix. Storing the com-ponents of the displacement of the ith node in ui = [ ui ]3   , the global displacement × 1 vector                    T    T        T T is written as u = [ u u . . . u    . ]

1    2        n 3n×1

The position vector can then be written as        0               0 x = x + u , where x is a constant vector which describes an initial configuration. The current geometry of the system 120     R.M.O. Pauletti

can therefore be defined by either x or u. Both vectors can be generically understood as configuration parameters of the system.

With the above definitions, the problem of finding the equilibrium configuration of a network of central forces can be posed as

Find ∗ u such that

g ∗         ∗        ∗ ( u ) = P ( u ) − F ( u) = 0,                      (3)

where g(u) is the unbalanced load vector, or error vector.

This system can be solved, within some vicinity of u ∗, iterating Newton’s recur-rence formula

 

u             1 − ∂ g           −1 i g ( u + 1 = u i − i ) = u i − i ( K )g(u ),        (4) t i ∂ u u i

[image: ]

where the                         i tangent stiffness matrix K is defined.

t

It is advantageous to consider the usual sparsity of nodal connections, and the many null interaction loads Nij                      . So, internal forces P i are assumed to be imposed by some bars, which connect the nodes of the system. These bars are numbered from 1 to b, and the intensities of the interaction loads are stored in an internal load

vector N = [N1 N2 . . . Nb]T , collecting the normal loads developed. Thus, a  b  ×  1

generic bar, or element, identified by the index e, and connecting nodes i and j , is under a normal load Ne = Nij and its space orientation is given by a unit vector v e =                            e v ij , whose corresponding column-matrix is v = [ vij ]3 , which also provides × 1 the director-cosines of the bar, respect the global coordinate system.

Now, the vector of internal forces can be decomposed as P = CN, where N = N(u) is a vector of scalar internal loads and C = C(u) is a geometric oper-ator                                      e , collecting the elements’ unit vectors v. There results, for the tangent stiffness matrix:

Kt = T ∂ C    ∂ N   ∂F N    + C   − = Kg + Kc + Kext, (5)

[image: ]

∂ u     ∂u    ∂ u

[image: ]

where the geometric, the constitutive and the external stiffness matrices are respect-ively defined.

[image: ]

The geometric stiffness matrix K g corresponds to a reluctance of the network to change its geometry, for a given state of internal loads. It is Kg that most precisely defines the class of taut structures, those that are under tension, and rely essentially on this state to behave properly.

The constitutive stiffness matrix Kc corresponds to a reluctance of the network to change its state of internal loads, for a given geometric configuration. Similarly, the external stiffness matrix Kext corresponds to a reluctance of the external force field to change its configuration.

It is remarked that the decomposition P = CN may be non-unique, and therefore, Kg and Kc depend on particular definitions. However, the sum Kg + Kc is unique. It may also be convenient to define an internal stiffness matrix, as Kint = Kg + Kc.
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For conservative problems K t is symmetric, as well as its components. Besides, if F is constant, Kext = 0. Under geometric linearity, Kg = 0. Under material and geometric linearity, and conservative loads, K t = K0, constant.

It is not computationally convenient to calculate directly the structure’s global stiffness matrix. Instead, the stiffness is calculated for each structural element, then added to the global stiffness matrix. So proceeding, the vector of the nodal displace-ments of the e-th element is written as

ue       e = Au,                                 (6)

where e e  A  is the order 6  ×  3  n  Boolean  incidence matrix  of that element, such  A  =

Ae                          e e I 3                      , k and A = A = 0 = i, k = j , where 0 and I are, respectively, the = 1i

2                                                           3 j 1 k 2 k

null and identity matrices of order three.

It can be readily verified that the same incidence matrix   e A appears, transposed, in the relationship between the element and the global internal nodal force vectors

 

P    b eT e = A p.                (7)

e 1 =

Therefore,

 

K    b     b e ∂ p eT = int e A A = eT e e A k A,         (8) e int ∂ u e = 1 e = 1

[image: ]

where the                                        e element internal tangent stiffness matrix k is defined:

int

∂ e p

ke (9)  int          e ∂ .  =

[image: ]

u

Of course, it is not convenient to execute the matrix multiplications presented in equation (8). It is quite more economical to add the element contributions directly to the global stiffness matrix. This text avoids delving into these procedures, direct-ing the reader to the classic literature about matrix structural analysis and the finite element method, as Cook (1989) or Zienkiewicz (1989).

 

2 Geometrically Exact Truss Element

Direct formulation of the geometrically exact equilibrium of plane trusses was presented for the first time by Turner et al. (1960). Generalization to tri-dimensional trusses is found in several references, for instance, Livesley (1964), Ozdemir (1978) and Pimenta (1988). Different axial strain measures are also discussed by several authors, as Pimenta (1988), Souza-Lima and Brasil (1997) and Volokh (1999). How-ever, seeking a simple explanation, this text considers linear-elastic constitutive rela-tionships and linear strain measurements.
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Fig. 2. A truss element, with local and global nodal indexes.

 

Referring to Figure 2, nodes indexed i and j in the global structural system are indexed as 1 and 2, in the e-th element numeration system. Keeping implicit the element index e, the displacement vector p and the internal forces vector are defined

as                                           u u1                  −v and

u p =        N = CN,          (10)  v  2  6  ×  1  6  ×  1

where the scalar                r      r N = EA( − )/ is the element internal normal load, v is a unit vector directed from node 1 to node 2 and C is a geometric operator. The element is defined in an initial configuration, already under a normal force    0 N. Thus the reference, zero-stress element length, is given by r             0                0 = EA /(EA + N).

Inserting formula (10) into (9), and proceeding along some straightforward de-rivations, the internal tangent stiffness matrix is obtained:

kint = ke + kg

 

= EA                                    T vv − T vv N ( I − T − T + 3 vv ) ( I 3 − vv ) , (11) r T − T − T T vv vv ( I 3 − vv ) ( I 3 − vv )

[image: ]

where ke stands for a linear elastic constitutive tangent matrix.

[image: ]

Atai and Mioduchowski (1998) have shown that a necessary and sufficient condi-tion for the stability of the equilibrium of elastoplastic cable networks is that normal loads and material tangent modulus are positive everywhere.

In the elastic case, requirements reduce to a field of positive normal loads, which keeps the system taut. Now, since cables and membranes are continuous mechanisms
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(as their discrete counterparts, for which k c is not positive-definite), their equilibrium stability relies essentially on this tautness to proper structural behavior.

 

2.1 A Variable Length Element

An interesting specialization of the truss element defined above is characterized by a constant normal load, physically correspondent, for instance, to the action on an ideal hydraulic actuator. In such a case, N does not vary, thus ke = 0, the internal tangent matrix reduces to k g and the reference length of the element varies according to r                               0 = EA/(EA + N), for every equilibrium configuration. A similar, variable length element was earlier proposed by Meek (1971), and was used by that author to adjust geometry and loads of a classical example of cable-truss (the Poskit truss).

 

2.2 A Force Density Element

Another useful specialization of the truss element is the force density element, first proposed by Linkwitz (1971), followed by Sheck (1974), Grundig (1988) and again Linkwitz (1999), in the context of cable nets. The procedure was also extended to membranes, by Singer (1996), Maurin (1998) and Pauletti (2006).

Recalling formulae (7) and (10) and , the internal force vector is successively rewritten as

 

P              b b b       e e eT eT − v eT − e x j − x N = e A p = A N e e = ie A . e e (12) e v x j − x i e x x i e = 1 e = 1 e = j − 1

[image: ]

Now, defining the force density of the e-th element as ne =    / e     e N e x , there j − x i results

 

P      b                                          e e b x − x i 3 I = eT j eT I − 3 A n e e x − e = e A n e A x.    (13) x − I 3 I 3 j i e = 1 e = 1

Recognizing in (13) the stiffness of the force density element,

ke              3 I    −I3 n          

d e                   ,                               (14)  =  −  I  3  I  3

and inserting (14) into (12) and that into (3) the problem reduces to a system of linear equilibrium equations

 

         b eT e e A k A x d = Kd x = F.             (15)

e 1 =
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Fig. 3. Some hyperbolic paraboloids found by the force density procedure.

[image: ]

 

Fig. 4. A cable sliding without friction, or a cable passing through a pulley.

[image: ]

 

During shape finding, it is usually assumed that F = 0, and some components of x have to be imposed, to avoid the trivial solution, x = 0.

Figure 3 illustrates some members of the ‘hypar’ family, whose shapes were found using the procedure outlined above. Both initial and final geometries are show, even though only the coordinate of vertices really needed to be prescribed, since only incidence is important for unrestrained nodes. Different hypars are obtained varying the ratio n b/ni , between the force densities on the border cables and that on the internal ones.

 

2.3 A Sliding-cable Element

An ideal (or ‘frictionless’) sliding-cable element (Figure 4), was initially considered by Aufaure (1993). Pauletti (1994) generalized the element to include non-ideal slid-ing, and Pauletti (2003) recast the formulation in a different notation, making dis-tinction between the constitutive and geometric parts of the stiffness matrix. In the context of taut structures, the element is useful, for instance, to represent the slippage between cables and membrane sheaths. It has also found application for other type of structures, to represent of non-adherent prestressing cables (Pauletti, 1996; Deifeld, 2001).
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Keeping implicit the element index e, the total length of the cable, in the cur-rent configuration, is given by the addition of the lengths of the two segments,

 = T 1/2   T   1/2           0       0             0 ( l l 1 ) ( l l 1 x 1 + l 2 ) , where u 1 x 3 and l 2 = u 1 + − 3 − 2 =        0 x 2 + u 2 − x   u . 3 − 3

The element is defined in an initial configuration, already subject to a normal force 0                      0                    0      0     0      0      0     0  N  . The initial length   is obtained from  l  =  x  −  x  and  l  =  x  −  x.

1      1     3      2      2     3

The stress-free, or reference length, considering a linear-elastic behavior is given by r               0                 0 = EA /(EA + N), and thus the normal load in the current configuration is N =      r      r EA( − )/ .

The displacement and internal forces vectors are given by

⎡ ⎤        ⎡ ⎤ ⎡       ⎤

u1                p1           v1

u = ⎣ u2 ⎦ and p   ⎣ = p2 ⎦   ⎣ =    v2    ⎦ N = CN,     (16)

u3                p3       −(v1 + v2)

where the normal load N is uniform along the element, v1 and v2 are unit vectors supported by segments 1 and 2, and matrix C is a geometric operator.

Deriving the vector of internal forces with respect to displacements, the internal

tangent stiffness matrix is obtained, after some algebra. Denoting Mij =     T v i v and j

M      T i          3        i    i I = − v v , i =

1, 2, and adding the superscript id, for later comparison with

the case of non-ideal sliding,   id k is written as:

int

 

k id ⎡ ⎤  EA  N  EA  M  11  +  EA  N  M  (  11  M  )  M  ⎢  r   1  M  12  −  M  +  12  −   1  1  r  r  1  ⎥  ⎢  ⎥  ⎢  EA  EA  N  ⎢  M  21  M  M  −  EA  M  +  22  −  M  2  int  =  ⎢  r   22  +  N  ⎥  (  M  )   2  21  ⎥  ,   0  2  r  2  ⎥  ⎣  ⎦

[image: ]

− EA            N       EA            N (M 11   M + 21 ) − M1 − (M 12    M + 22 ) − M2           k33

[image: ]

r          1      r          2

[image: ]

 

k33 = EA                  N (M11 + M21 + M12 + M 22) + ( M1 + r M2). (17)

[image: ]

                              1

[image: ]

Evidently, id k is symmetric, as is required from a conservative system (Bufler, 1993).

[image: ]

int

[image: ]

The element collapses if the intermediate node coincides with one of the end nodes. If the element rectifies and no further stiffness is available, the intermediate node becomes hypostatic. Computer implementation and modeling have to mind these pathological conditions.

[image: ]

Now, consider the case of non-ideal, dry-friction sliding. Figure 5 shows a belt sliding on a cylindrical bed. Let α be the angle between the straight segments of the belt and β its complement. The same β gives the angular span of the contact arc.

[image: ]

When the element is not at the imminence of sliding, it behaves like the as-semblage of two truss elements, with convenient reference lengths, which depends on the past history of the slipping process. When, on the other hand, the element is at the imminence of sliding, the normal loads acting in the two ends of the belt obey to the ratio                   μβ η = N /N = e, where μ is the static friction coefficient. This holds 1    2

[image: ]

regardless the cylinder diameter, and can be adopted to represent imminent sliding of a flexible cable deflected over some point restraint.

[image: ]
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Fig. 5. (a) A belt sliding over a cylindrical bed, with friction coefficient μ = 0; (b) a three node discretization of this situation.

[image: ]

 

If there is sliding, then equilibrium has not been reached yet, and when equilib-rium is first reached, conditions are those of imminent sliding. It thus seems useful to cast the tangent stiffness of a friction-sliding-cable element, imposing this condition. Now it is necessary to keep track of different normal loads values. The element has initial normal loads   0        0 N and N and initial lengths are added, to compute the total

1        2

initial length,   0      0     0      0   0 1/2      0T T 0 1/2          0      0     0 = l ) ( l + ( l = + l ) , where l x x and = −

1     2      1   1          1   2              1      1     3

l 0     0     0 = x. − x

2     2     3                                                                      = The total undeformed length is calculated supposing linear-elastic behavior, r 

r        r              0                 0              0                0 /(EA + EA = + N ) EA N) + /(EA. The angle of deflection in any +

1     2         1           1          2           2

configuration is given by β = arccos(− T v v2). 1

The internal force vector is

 

p   ⎡          ⎤ ⎡       ⎤ N 1 v 1 v 1 0   N ⎣ ⎦ ⎣ 1 = N 2 v 2 = 0 v 2 ⎦ = CN.     (18) N − (N 1 v 1 + N 2 v 2 ) − v 1 − 2 v 2

Taking the derivative of p with respect to u, the tangent stiffness of the friction-sliding-cable element is cast, after a somewhat lengthy algebra. The result is:

 

k      2   ⎡     id          id           id     ⎤ η k η k η k 11 12 13 ⎢ id id id ⎥ int = ⎣ k k k 21 22 23 ⎦       (19) η + 1 − id id id id id id (η k k 11 + k ) (η 21 − (η k k 12 + ) 22 − k 13 + ) 23

[image: ]

+ 2     id μηN

[image: ]

(η +   2 1 ) sin β

 

× ⎢ ⎥  ⎢  M  22  M  1  /  1  −  M  21  M  2  /  2  −  (  M  22  M  1  /  1  −  M  21  M  2  /  2  )  ⎥  ⎢  ⎥      ⎢  ⎥  .  ⎣  ⎡ ⎤  M  12  M  1  /  1  M  11  M  2  /  2  −  (  M  12  M  1  /  1  +  M  11  M  2  /  2  )

− M M 121/1 +         M M / 2+    (M M 121 + M M     1 11 2 22 1 )/ ++ id − ⎦ ξ N − M 22 M 1 / 2 M 21 M 2 / 2 ( M 11 M 2 − M 21 M 2 )/ 2
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Fig. 6. (a) A single sliding-cable element with fixed end nodes; (b) deformed configurations for μ = 0 and μ = 0.25; (c) lateral and vertical displacements of the mid-node, as functions of F , for X μ = 0 and μ = 0.25.

 

where the expressions of the submatrices   id k are the same as in the ideal-sliding-

ij

cable, equation (17). Also matrices Mi and Mij have definitions identical to the ideal case. Due to friction, kint looses symmetry. Reversal of slippage orientation is comprehended in the formulation, allowing a negative friction coefficient μ. A discussion on some actual and apparent singularities, as well as some elementary tests on this sliding-cable element, is presented in Pauletti (1994).

In Figure 6a, a single friction-sliding-cable element is modeled, with fixed end nodes. Initially the cable (with stiffness modulus EA = 2GN ) is subjected to a vertical force F Y = 100 kN, acting at the mid-node. Then a horizontal force FX is incrementally applied. Figure 6b shows equilibrium configurations for FX = FY and μ = 0 or μ = 0.25. Also plotted are the trajectories of the mid-node, for 0 ≤ FX ≤ FY . Figure 6c plots the horizontal and vertical displacements of the central node, for the same parameter variations.

After a certain lateral load, the friction capacity is exhausted, and the mid-node undergoes large displacements. Disregarding the cable elastic deformations, it is easy to analytically determine the value of lateral load at the onset of slippage: F X = cot             μβ           μβ (β/ 2 )( 1 − e )F /( 1 + e). Numerical results adhere quite well to it. Y

Figure 7 shows three stages of the simulation of the hoisting of a large tensegrity dome. The structure is under self-weight, and the external radial cables are tensioned by variable length elements, whose normal loads increase gradually. The external cables slide with no friction over pulleys located at the outer, compression ring. The model undergoes very large displacements, showing no problems with convergence. The model was used to investigate the effects of asynchronous operation of the hoist-ing equipments (Deifeld, 2005).

 

3 Argyris’ Natural Membrane Finite Element

Although elaborate formulations exist for the non-linear analysis of membranes, sim-plified elements may suffice for a broad class of practical problems, such as the ana-128     R.M.O. Pauletti

[image: ]

 

Fig. 7. Three stages of the hoisting of a large tensegrity dome (radius R = 100 m), modeled by variable length, sliding cables and truss elements. Adapted from Deifeld (2005).

 

lysis of fabric structures, since structural fabrics are limited to deformations of a few percent.

A formulation of a simple membrane finite element is now presented, were the essential characteristics of taut systems are retained. The natural membrane element was first proposed by Argyris (1974) and later by Meek (1991). Pauletti (2003) recast those authors’ formulations in a more concise notation, highlighting the distinctions between the constitutive and geometric parts of the element tangent stiffness. The mathematical development considers large displacements but linear elastic materials, yielding a very simple element, yet able to cope with very large displacements.

Seeking the definition of a simple element, the triangular constant strain finite element (CST), is chosen, avoiding typical FEM complications such as isoparametric mappings. In nonlinear analysis, membrane elements usually are indicated in three different configurations, as depicted in Figure 8a.                            r Reference configuration usually relates to stress-free conditions. However, it may be convenient to define the element in an                        0 initial configuration , in which it is already under a stress field. Knowledge of the element’s                         c current configuration is sought.

Element nodes and edges are numbered anticlockwise, with edges facing nodes of same number. Nodal coordinates are referred to a global Cartesian system, and a local coordinate system, indicated by an upper hat, is adapted to every element con-figuration, such that the x ˆ axis is always aligned with edge 3, oriented from node 1 to node 2, whilst the z ˆ axis is normal to the element plane. A global Cartesian coordin-
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Fig. 8. 0  (a) The CST element in three different configurations; (b) position vector  x  P x  =  +

u        c ,. P P 

∈ P

[image: ]

 

Fig. 9. (a) Unit vectors v ,      1                                                          p , i i = , 2 , 3 along the element edges; (b) internal nodal forces i decomposed into natural forces Ni vi ; (c) determination of natural force.

 

ate system can be adapted to the element reference configuration, with analogous definition.

Current global coordinates of material points P ∈   c are given by xP = 0 x      , P + u P where 0 x is the position vector of P , in the element initial configuration, and u is

P P

a displacement vector that defines the current position of P . In particular, the global

nodal points coordinates                                                 0 , in the current configuration, are given by x i i  i  x  =  +

u ,

i = 1, 2, 3, where ui are the element nodal displacements, collected in a vector of nodal displacements         T    T    T T , u = [ u u u . The lengths of element edges can then ] be computed by i =     1    2    3 li = x k − xj , with indexes i, j, k = 1, 2, 3 in cyclic

permutation. Unit vectors parallel to the element edges are denoted by v i = li /li .

In order to compute the internal forces vector, it is convenient to define a natural load along edge number 3 (see Figure 9c), such that N3 = σ3th3/2 = σ3At/3 = σ3V /3, where σ3 is the normal stress parallel to the third edge, A is the element area, in the current configuration, t its thickness, and V its volume. Analogous expressions hold for the other edges, so the vector of natural forces can be defined as 130     R.M.O. Pauletti

N              − = [1 N 1 N 2 N 3 ] T = V Lσ n,              (20)

where L is an order three diagonal matrix, such that Lii = i , and σ n = [σ1 σ2 σ3] is the vector of natural stresses, that collects the normal stresses parallel to the three element edges. Any plane stress can be uniquely decomposed into these three natural stress fields.

Now the vector of internal forces can be written as

⎡ ⎤ ⎡        ⎤ ⎡          ⎤ ⎡ ⎤

p1       N2v2 − N3v3        0    v2   −v3     N1

p = ⎣ p2 ⎦   ⎣ = N3v3 − N1v1 ⎦   ⎣            ⎦ ⎣   ⎦ = − v 1 0 v 3 N 2 = CN.   (21)

p3       N1v1 − N2v2        v1   −v2   0      N3

It is also convenient to define a vector of natural displacements a, collecting the variations of edge lengths:

a = [1 2 3]T                             r T = [ r 1 2 3 ] T − [ r .        (22) 1 2 3 ]

Natural vectors a and N collect scalar quantities, and are invariant to coordinate transformations. Taking the derivative of the natural displacements with respect to the Cartesian displacements vector, one gets, after some algebra:

 

∂ ∂                     ⎡         ⎤ T 0 − T T v v a ∂ 1 ∂ 1 2 ∂ 1 3 ⎣ = = T T v 0 2 − v ⎦ = T C ,       (23) 2 u ∂ u ∂ u ∂ u − T T v v 0 3 3

[image: ]

indicating that N and a are energetically conjugated, as P and u also are.
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4 Geometric Stiffness Matrix for Argyris’ Element

[image: ]

Natural variables simplify the derivation of the element tangent stiffness matrix. Ad-opting lower case letters to represent the element force vectors and tangent stiffness, equation (9) is recast as

[image: ]

 

k    ∂ g       ∂C     ∂N    ∂f T N t = = + C − = kg + kc − kext.         (24) ∂ u ∂ u ∂ u ∂ u

[image: ]

Taking into account (20) and (21), the geometric stiffness is written as

[image: ]

 

k       ∂     ⎡          ⎤ ∂ v 2 ∂ v 3 N 2 − N 3 ∂ u ∂ u ⎢ ⎥ C ⎢ = g T ∂ v ∂ − 1 v 3 ⎥ N = ⎢ N 1 + N 3 .             (25) ∂ u ⎣ ∂ u ∂ u ⎥ ⎦

[image: ]

N ∂v1       v2 1 − ∂ N 2 ∂ u ∂ u

[image: ]

After some algebra, it results that

[image: ]
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k    ⎡                        ⎤ N 2 T ( I 3 − v 2 v ) + ⎢ 2 2 − N 3 T N 2 T ( I 3 − v 3 v ) − ( I 3 − v 2 v ) ⎢ N 3 T 3 2 ⎥ ( I − v ⎢ 3 3 v ) 3 2 ⎥ 3 3 ⎥ ⎢ N ⎢ 1 ⎥ ( I 3 − T v 1 v ) 3 T 1 + = g ⎢ − N ( I 3 − v 3 v ) 1 N ( ⎢ T − 1 I 3 − T ⎥ v 1 v ) ⎥ . (26) 3 3 N 3 ( I 3 − 1 v v ) 1 ⎢ 3 ⎥ 3 3 ⎥ ⎢ N 1 T ⎥ ( I 3 − ⎣ v 1 v ) − N 2 T N T 1 + ( I 3 v 2 − v 1 ⎦ ) − ( I 3 − v 1 v ) 1 2 2 1 1 N 2 T ( I 3 − v 2 v ) 2 2

[image: ]

It is seen that kg for a natural membrane element is analogous to the geometric stiffness of a closed assemblage of three geometrically exact truss elements, under normal loads Ni .

[image: ]

 

5 Constitutive Stiffness Matrix for Argyris’ Element

[image: ]

The vector of natural forces is a function of the element displacements, in quite com-plicated ways. Whatever the laws connecting them, however, the element constitutive stiffness matrix can be written as

[image: ]

 

k     ∂ N     ∂N ∂ a        T C c = = C = Ck n C ,               (27) ∂ u ∂ a ∂ u

[image: ]

where the element natural tangent stiffness is defined as kn.
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5.1 A Linear Elastic Simplification

[image: ]

Seeking a simplified element, it is now supposed that the element behavior is linear elastic. Thus, there exists a linear relationship between the natural internal loads and natural displacements, such that

[image: ]

N   r = k a,                      (28)

[image: ]

n

[image: ]

where r k is a constant natural stiffness matrix.

[image: ]

n

[image: ]

Of course, linear elasticity restricts the formulation to infinitesimal deformations, when initial and reference configurations merge, equilibrium can be expressed in any configuration, and initial stresses can be simply added to stress variations, to determine total stresses.

[image: ]

Linear elastic isotropic materials working in plane stress obey to

[image: ]

σ ˆ = ˆ Dε ˆ, (29)

[image: ]

where σ ˆ and ε ˆ are, respectively, the nominal stresses and the infinitesimal Cartesian deformations, measured from   r         c to , and D ˆ is a constitutive matrix, all expressed

in the local Cartesian coordinate system.
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There must be an analogous expression, relating the vector of natural stresses to a vector of natural deformations, defined as

ε = [                  r       r       r       − ε 1 ε 2 ε 3 ] T = [ T 1 / 1 2 / 2 3 / 3 ] = L1a.       (30) r

It can be shown that εn is related to ε ˆ through the transformation

 

ε         ⎡                 ⎤ ⎡   ⎤ 2 2 cos γ r sin γ r − sin γ r cos γ r ε x ˆ ⎣ n = T r ε ˆ = 2 2 cos β r sin β r sin β r cos β ⎦ ⎣ r ε ⎦ y ,       (31) ˆ

1      0         0          γ x ˆy ˆ

which highlights the fact that the natural membrane element is akin to a rosette strain gauge.

Conversely, it holds that σ     −T n = T σ .                        (32) r  ˆ

Verification of (31) and (32) can be done by compatibility and equilibrium. It can also be readily seen that σ n and εn are energetically conjugated, since, for any compatible virtual displacement, it holds that    T        T δ ε ˆ σ ˆ = δ ε n   n . σ

Substituting (31) and (32) into (29), its analogous is written as

σ     −T ˆ      −T    −1 n = T D DT ˆ r ε ˆ = T r rεn = Dnεn,               (33)

where it is recognized the                                     −T ˆ −1 natural constitutive matrix , D n = T r DT r.

Now, since in linear kinematics equilibrium can be expressed in the initial con-figuration, which also coincides with the reference configuration, equation (20) is recast, with Lr in place of L, and considering (33) and (30),

N = r − V L1      r −         r −1    −1 σ ε (V) r n = V L 1 D r n n = L D r n La.        (34) r

Comparing (34) to (28), the natural stiffness matrix is obtained:

kn     r                  1 1 − − = V L r D (35)  n  L

r   .

Finally, substituting (35) into (27), derivation of the constitutive stiffness is com-pleted. Also, the natural forces given by (28) contribute to the geometric stiffness, equation (26).

 

6 External Stiffness Matrix and Load Vector

Since membrane structures are prone to large displacements, variations of external loads due to these displacements cannot in general be disregarded. The external force vector is written as
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Fig. 10. An assemblage of membrane elements, sharing the inner node m.

 

f                   Vρ             pA T f = sw +            T f w = [ I 1 I 2 I 3 ] g − [ I 3 I 3 I 3 ] n,        (36) 3 3

[image: ]

where fsw are forces due to self-weight, fw are forces due to wind, V and p, are respectively the volume of the element and the density of the material, g is the gravity acceleration vector, p is a normal wind pressure acting on the element, A is its area and n its normal unit vector, in the current configuration.

[image: ]

Self-weight loads are constant, and therefore do not contribute to stiffness. Now, since, An = (I1 × I2)/2,

 

k      ∂ fw    p              ∂ T I ext = − = [ 3 I 3 I 3 ] (I1 × I2).             (37) ∂ u 6 ∂ u

[image: ]

After some algebra, the external stiffness matrix is written

[image: ]

⎡       ⎤

[image: ]

kext       ⎣ = 1 2 3 ⎦ ,                   (38) 6 p 1 2 3

[image: ]

1 2 3

where i = skew(li), are skew-symmetric matrices, whose axial vectors are given by li = i vi . Thus kext is an asymmetric matrix, reflecting the fact that wind loads are generally non-conservative.

However, careful inspection of equation (38) allows verifying that an elastic membrane with fixed boundary and under a constant pressure configures a conservat-ive system, as demonstrated by Sewell (1967). Indeed, consider a node m to which converge n triangular elements, as shown in Figure 10. The node m is surrounded by a close polygon of n sides, with length vectors, li , i = 1, . . . , n. Length vec-tors ln       x + i =m − xi point from node i to node m. For m = 1, . . . , n, the diagonal sub-matrices of the global external stiffness matrix Kext are

ext          n       n p p p ( n                                        

K (39)  mm  =   i  =  skew  l  i  )  =  skew  l  i  =  0  .  6  6  6  i  =  1  i  =  1  i  =  1

[image: ]
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On the other hand, for the crossed term it holds that

Kmi = ext     p ( i −1 − i ) (40)

[image: ]

6

and

K    ( im = ext     p                 p n i 1    + + − n i 1 ) + − = ( skew(ln        l      )) + i + 1 −

6                                      n i 1 + − 6

[image: ]

= p               p skew(− li                        ( − 1 − li ) =−i 1 − −    i )

[image: ]

6                   6

[image: ]

= p   T      T      ext T ( ) i + ) ( K . − 1 i =                        (41) im 6

[image: ]

It is thus seen that all the external stiffness terms associated to a generic node, interior to the mesh, are symmetrical. Now, if boundary nodes are constrained, there is no degree of freedom associated to them, therefore the global Kext is symmetric, and the system is conservative. If, however, pressure varies over a surface in a generic way, there is no guaranty on the symmetry of Kext, even though the boundary is fully restrained.

[image: ]

6.1 Henky’s Problem

A first benchmark on the use of the membrane element described above considers the deformation of an initially flat, circular membrane, with radius R = 0.1425 m, fixed at the border and pressurized to assume a rounded shape (Figure 11a). A product Et = 311488 Nm, a Poison ratio ν = 0.34 and inflation pressures of 100 kPa, 250 kPa and 400 kPa were considered. According to Bouzidi (2003), analytical solution for this axisymmetric problem (Hencky’s problem) were given by Fichter (1997), disregarding pre-stresses, and Campbell (1956), considering them. In both cases, small deformations were assumed. Bouzidi compared results of the former studies with a numerical solution considering large deformation 2D axisymmetric elements.

Results obtained with the above formulation, for the considered inflation pres-sures, are depicted in Figure 11b. For a 100 kPa pressure, results superpose quite well with Fichter and Henky results. Radial deformations are about 3.6%. Displace-ment error dropped to 10 −7 after 9 Newton’s iterations. For pressures of 200 kPa and 400 kPa somewhat higher displacements were found (see continuous lines de-picted next to Fichter and Henky results). Deformations for these pressures (about 7% and 10%) are of course outside the suitable range for the kinematics adopted by the proposed element.

6.2 The “Memorial dos Povos” Membrane Roof

A more exacting benchmark is offered by the membrane roof of the “Memorial dos Povos de Belém do Pará”, shown in Figure 12. Pauletti (2005) gives an extended
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Fig. 11. (a) Axisymmetric pressurized membrane; (b) comparison between FE and theoretical results, adapted from Bouzidi (2003).

[image: ]

 

Fig. 12. The membrane roof of the Memorial dos Povos de Belém do Pará.

 

account on the design and construction of this 400 m2 membrane, located at the main city of the State of Pará, Brazil.

In this case, since a flexible border membrane, under the action of wind pressures is concerned, the external, non-symmetric stiffness is taken into account, to ease convergence. In the actual design, analyses were performed with the Ansys finite element code. Results obtained with the formulation above compared quite well with the original Ansys results.

An initial phase of shape finding was accomplished with a fictitious, low elastic module material, starting from an unfeasible geometry. After an equilibrium config-uration was found, geometry was updated, initial stresses were refreshed, and mater-ial properties set to realistic values. Figure 13 shows the initial finite element mesh, the viable shape found, and highlights the surface saddle point.

Figure 14a shows the first principal stress (S1) field, related to the viable shape, ranging from 5 MPa to 6 MPa (maximum at the king pole vertex). Lateral wind loads provoked maximum S1 stresses of about 11 MPa, at the leeside border, Figure 14b. Maximum displacements due to wind peaked 0.453 m, Figure 14c.

Figure 15a shows the fabric patterns defined over the membrane viable shape. Flattening of these patterns was also performed by a sequence of structural analyses 136     R.M.O. Pauletti
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Fig. 13. (a) Initial, non-equilibrium geometry; (b) viable geometry, grey-scale representing heights from the floor; (c) the same, narrowing the heights interval, to individuate the mem-brane’s saddle point.

[image: ]

 

Fig. 14. (a) First principal stress (S1) associated to the viable shape; (b), (c) S1 and displace-ments (10 times amplified), for the lateral wind loads.

 

(one for each fabric strip), dragging all the nodes of each strip to a convenient plane, and allowing them to accommodate over it. Figure 15b shows one of these patterns before and after flattening. Grey-scale represent magnitude of the imposed displace-ments.

Figure 16a shows the residual S1 stresses in the flattened strips, but plotted onto the feasible surface (of course this is an abusive representation, since the flattened strips have other, plane shapes, and their borders do not match at all). Residual S1 stresses range from 0.04 MPa to 0.8 MPa. There are also negative principal stresses, not shown here. Existence of these residual stresses is due to the intrinsic distortions introducing by plane mappings of double curvature surfaces.

Fabrics are cut with the geometry of the resulting flat patterns, but are stress-free. Thus, when pulled back to their original position in space, these patterns will superimpose the reversal of their residual stresses due to flattening to their original prestress field, resulting in the rippled S1 stress field shown in Figure 16b, where stresses range from 5.1 MPa to 6.3 MPa.
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Fig. 15. (a) Fabric patterns depicted onto the membrane surface; (b) flat patterns obtained with Ansys.

[image: ]

 

Fig. 16. (a) First principal stress (S1) field after flattening; (b) S1 field after pull-back to ori-ginal viable shape; (c) S 1 field after stress accommodation; (d) magnitude of displacements from the original viable shape, to accommodate stresses.

 

Now, since the original viable geometry is associated with the S1 field shown in Figure 14a, both the original viable shape and its associated stress field will vary, to accommodate the load unbalance which arises. Figure 16c shows that the corrected S1 field, ranging from 5.3 MPa to 6.4 MPa, still presents ripples. However, Fig-ure 16d shows that the maximum displacement, about 1.26 cm, is quite small, when compared to the membrane sizes. Due to this characteristic, in real project situations pull-back effects are seldom considered.
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Analysis of Free Form Membranes Subject to Wind

Using FSI

 

Roland Wüchner, Alexander Kupzok and Kai-Uwe Bletzinger

Lehrstuhl für Statik/Chair of Structural Analysis, Technische Universität München, Arcisstr. 21, D-80333 München, Germany; E-mail: {wuechner,kupzok,kub}@bv.tum.de

 

Abstract. Membranes are extremely light and slender constructions which results in a high susceptibility to wind-induced deformations and vibrations. For the analysis of the complex aeroelastic phenomena, emerging from the interaction of the structural response and the wind flow around it, a partitioned fluid-structure interaction method is proposed. Nearly massless structures interacting with incompressible fluids demand for an iterative coupling scheme, which is enhanced by adaptive under-relaxation for stability and efficiency. The performance of this approach is analyzed in several real-world examples.

 

Key words: wind engineering, fluid-structure interaction (FSI), aeroelasticity, form finding, partitioned approach.

 

1 Introduction

Membrane structures are extremely light and elegant. Due to the constant stress state over the thickness the material is used optimally and the structure’s geometry de-pends strongly on the given stress distribution. Typically, the resulting shape is a free-form membrane structure which closes itself to any analytical description. How-ever, in the case of structures subject to loads by surrounding fluid flows, increasing lightness and slenderness brings along a higher susceptibility to flow-induced de-formations and vibrations. In the application to civil engineering this exemplifies in wind-induced effects on thin shells and membrane structures.

In general, an assessment of wind effects with deterministic tools is complicated by the stochastic nature of wind phenomena. Nevertheless, these wind effects can define the decisive design loads and therefore require an in-depth analysis. This ana-lysis is both interesting and challenging in cases of an interaction between structure and wind. This phenomenon is called aeroelasticity and can occur on constructions such as towers, high-rise buildings, bridges, cable, and membrane roofs, etc. In these
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cases the usual approach in structural engineering of reducing the complex problem of structures subjected to wind to simpler models by finding appropriate assump-tions involves the risk of neglecting essential effects, which result from the strong coupling of the two different physical fields.

Applying numerical simulations of aeroelastic effects in wind engineering is a promising complement to and enhancement of experimental approaches. The ana-lysis of aeroelasticity requires a multiphysics approach which can be assessed by a surface-coupled fluid-structure interaction (FSI) method.

 

2 Approach

A partitioned FSI-simulation of light-weight structures subjected to wind demands for the appropriate combination of different physical and numerical disciplines to account for the relevant factors. More precisely, the following requirements are iden-tified:

• Correct treatment of geometric nonlinearities in stationary and transient struc-

tural analysis.

• Integration of form finding to determine the proper initial geometry in the case of

membrane structures due to strong coherence between shape and load carrying

behavior.

• Adequate solution of highly turbulent flows and modeling of fluid boundary con-

ditions to represent the characteristics of physical wind. •   Treatment of moving boundaries in the fluid solver. • Accurate transfer of coupling quantities, especially in the case of non-matching

grids.

• Respect of strong coherences between the physical fields by appropriate coupling

schemes.

In order to meet all of these demanding requirements, a partitioned approach is chosen [4, 5]. Therefore, both fields are solved in specialized, well-suited, and tested single field solvers exchanging the necessary boundary conditions by utilization of stable as well as efficient coupling strategies. In the current approach, the form find-ing and the structural part are solved by the research code CARAT, the fluid part by the general purpose Computational Fluid Dynamics Code CFX-5 of Ansys Inc., and for the coupling the MpCCI-library is used. Figure 1 gives a detailed view of the pro-cedure of a coupled simulation and the used software. The integration of an optim-ization loop in the analysis framework provides the possibility to compute structures less susceptible to wind loads. In Section 2.3 a more detailed view at the coupled simulation itself is provided.
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Fig. 1. Software environment and workflow of a coupled simulation.

 

2.1 Structural Part

2.1.1 Nonlinear Transient Analysis

The structural problem is characterized by the governing equations for an elastic body with large deformations (and the corresponding boundary and initial condi-tions): dynamic equilibrium (1), kinematics (2) and material law (3). If only sta-tionary problems are considered, the acceleration vector d vanishes and equation (1) ¨ reduces to the static equilibrium condition.

Cauchy’s first equation of motion in local form for each point X of the reference configuration S0 and all times t states as

ρ d S ¨ 0 = ∇ · (F S) + ρS0 B, (1)

where ρS0 is the density in the undeformed configuration, F the deformation gradient, S the second Piola–Kirchhoff stress tensor (PK2) and B the reference body force. The Green–Lagrange strain tensor is computed by

 

E   1   T ( = F F − I)                      (2) 2

[image: ]

and the linear relation between stress and strain is defined with the help of the elasti-city tensor C

S = C : E, C = λI ⊗ I + 2μI, (3)

which represents the St. Venant–Kirchhoff material law for isotropic materials, which is used within this contribution. The elastic material behavior of isotropic 144     R. Wüchner et al.
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Fig. 2. Deformation of a surface – undeformed and deformed configuration.

 

solids is fully described by two material constants: either in terms of Young’s modu-lus E and Poisson’s ratio ν or the Lamé constants λ and μ:

λ =     νE                E ,    μ = G =

( 1 + . (4)  ν)(1 −  2ν)              2(1 +

[image: ]

ν)
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These results in the following stress-strain relation:

S = λ tr(E) I + 2μ E. (5)

As initial conditions, the displacement field                             ˙ d = d 0 and velocity field   = ˙ d0 must be specified on the whole structural area S0 at time t = t0. The boundary of the structure S0 = ∂S0 can be divided into a Dirchlet part d with prescribed displacements and a Neumann part σ with prescribed stresses. Hence, the boundary conditions state as:

d = ˆ d    on d   for all t ∈ [t0, T ],

(6)

( F S) N = T = ˆ T    on σ   for all t ∈ [t0, T ],

whereas for the different domains holds:

 S0 = d ∪ σ , 0 = d ∩ σ . (7)

The geometry of the membrane is described by two surface parameters 1 θ and θ 2. Quantities in the undeformed configuration are designated by upper-case and in the deformed configurations by lower-case letters, respectively. The curvilinear base vectors are defined by:

 

gα =       ∂ x                          ∂X x, α = as well as   G α = X,α = ∂θ α . (8)  α  ∂θ
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The deformation of a point of the membrane surface depends on the difference of its locations in space:

d 1   2           1   2           1   2 (θ , θ , t) = x (θ , θ , t) − X (θ , θ).                    (9)

These governing equations of the membrane dynamics are solved by the finite element method. For this purpose the Lagrangian description is used, i.e. the nodes of the corresponding mesh are fixed to the material points. By using the isoparametric approach, the nodal positions (Xi ¯ and x                                d ¯ ¯ i ) and the three displacements (i ) per node are interpolated by the same shape functions:

 nnod

d 1   2      h   1   2              1   2 (θ , θ ) ≈ d (θ , θ ) = N (θ , θ) · ¯ d ,                (10) i                       i

i    1 =

 nnod

X 1   2       h   1   2              1   2 (θ ) ≈ , θ X (θ , θ ) = N i (θ , θ) · ¯ Xi ,              (11)

i    1 =

x 1                       n nod 2 h (θ , θ ) ≈ 1 2 x (θ , θ ) =     1   2 N i (θ , θ) · ¯ xi .              (12)

i    1 =

This leads to the semi-discrete equations of motion

M dα + ¨¯       D dα + ˙¯ rint(d ¯α ) = rext α (t), (13)

where M is the mass matrix, D the damping matrix representing the structural damp-ing (if considered in the simulation), rint the vector of internal forces which leads via linearization to the tangential stiffness matrix and rext the vector of external loads (which are assumed to be deformation-independent) acting on the structure.

This nonlinear time-dependent problem with properly defined boundary and ini-tial conditions is solved by a time integration algorithm. In the presented example the (implicit) generalized-α method [2] was used due to its advantageous properties: With a certain choice of parameters (α m, αf , β, γ ) the procedure is second order accurate and the user has full control over the numerical dissipation of the spurious high frequencies by minimizing errors in the lower modes of interest.

In the case of stationary response analysis the inertial and damping terms van-ish and the equation of motion reduces to the discretized equilibrium condition. The nonlinear equations which are evolving in static, dynamic, and form finding compu-tations are solved by the Newton–Raphson method.

In the context of the generalized-α method, the variables of the system are re-placed by a linear combination of the values at the limits of the time step at times t = tn and t = tn +1:

dα = ¨¯ (1 − αm)d ¨¯         ¨¯ n          1   α )d + 1 + α m d ˙¯ ˙¯ n ; d α = ( − fn+1 + α d ˙¯ fn,

dα ¯            ¯          ¯ = ( 1 − α f ) d n                     ) + 1 + α f d n ; r ext α (t) = ( 1 − α frext(n+1) + αf rext(n). (14) 146     R. Wüchner et al.
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Fig. 3. Tangential membrane stresses.

 

Due to the geometrical nonlinearities, the internal forces are nonlinear in the dis-placements r int(d ¯α ). The discretization in time is done with the well-known New-mark’s formulas:

 

d n          ¯ ˙¯ γ             γ − β      γ − 2β + 1 = ( d n + 1 − ¯ d n ) − d ˙¯ n − td ¨¯n,         (15) βt β 2 β
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d        1                  1       1 − 2 ¨¯β ¯ n + 1 = ( d n − ¯ d 2 + 1 n ) d ˙¯ ¨¯ − n − dn.           (16) βt βt 2 β
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In the proposed partitioned approach the fluid-structure coupling only affects the right-hand side of (13) neglecting the obvious displacement dependence of the fluid load, which would lead to additional contributions during linearization. This is due to the fact that the classic follower-force formulation would not be able to adequately represent the physical processes in the fluid field. Hence, the interaction of the physical fields is realized by appropriate coupling algorithms.

[image: ]

The structures under consideration are described by membrane theory, which is based on the assumption that the bending and transverse shear effects vanish. Fur-thermore, the negligibly small thickness h is assumed to be constant during deforma-tion. The latter has an important impact in the formulation of the coupling interface, i.e. the fluid solver must be able to deal with infinitely thin bodies. The resulting stress state consists of in-plane stresses which are always oriented tangentially to the surface (Figure (3)).

[image: ]

Membranes are pure tension structures and in the case of compression, wrinkling patterns emerge. On the one hand, this enables e.g. the construction of very light, elegant, and wide-spanned roofs since the material is optimally used. On the other hand, it is the reason for their extreme sensitivity to wind loads, which makes a certain prestress necessary to avoid the occurrence of flutter. This prestress can be introduced by additional dead load, pressure differences, or simply by pulling the membrane into the previously planned positions by the supports.

[image: ]

The resulting stress state in the membrane consists of prestress Spre, which is already acting in the undeformed geometry, and elastic stresses Sel due to strains emerging during deformation:

[image: ]

S = Spre + Sel = Spre + C : E, (17)
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S αβ     αβ     αβ     αβ     αβδγ = Spre + Sel = Spre + ¯ C    Eδγ . (18)

The material law of the plane stress state for example in the case of isotropic mater-ials is defined in terms of the curvilinear base vectors in the reference configuration as follows:

C αβγ δ = ¯   αβ   γ δ        αγ   βδ λG G + μ G G +   αδ βγ G G             (19) ¯                                                 

with:   λ ¯     2λμ      Eν = =

λ + 2 . (20)  2μ   (1 −
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ν )
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Certainly, any other choice of material description (e.g. anisotropic or nonlinear) can be used within this software environment.

 

2.1.2 Form Finding Computations

Due to the inherent coupling of stress state and membrane shape, the geometry of the undeformed, but already stressed structure, must be determined in a separate ana-lysis. This is naturally the first step for a computation concerning membrane struc-tures (see Figure 1). The initial shape is defined by the equilibrium of surface stresses and edge cable forces, found as the result of a form finding computation [9].

The need for special form finding procedures results from the singularity of the inverse problem of finding the corresponding shape to a given stress distribution. This difficulty is overcome by the updated reference strategy [1], a regularization by a homotopy mapping which is implemented in CARAT. The modified virtual work expression which is solved by the finite element method is given by

δWλ = λ δWσ + (1 − λ) δWS

⎡                  ⎤      − 

= ⎣           T λ h det F σ pre · F : δF dA⎦

A

⎡            ⎤ 

+ (1    ⎣ − λ)h (F · Spre) : δF dA⎦ = 0,          (21)

A

where the same finite-element discretization as mentioned in Equations (10) to (12) is used as shape parametrization.

The stabilizing modification δW S (in terms of PK2 stresses S rather than Cauchy stresses σ ) of the originally singular equation (δWσ = 0) of equilibrium fades out as the solution is approached because Spre converges to σ pre. Even pure tangential movements which are very challenging for form finding algorithms are possible. This is demonstrated in the example of a four-point structure with flexible, cable reinforced edges forcing a tangential adjustment of the surface finite element mesh 148     R. Wüchner et al.
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Fig. 4. Determination of membrane shape for FSI simulation by means of form finding (left: before, right: after form finding).

 

during the form finding procedure. Figure 4 shows the preliminary computation for the coupled computation given in the second numerical example.

After the initial shape is found, further analysis respecting wind or snow loads can be performed. For the coupled computation, naturally, this initial shape defines the FSI interface. However, if a certain shape shows shortcomings under wind action the prestress distribution must be modified such that the improved shape prevents flutter. This gives the perspective of a sequential application of form finding and FSI computation to find an ideal initial shape least susceptible to wind and the according prestress distribution. This sequential analysis can be realized by using the software environment proposed in this paper.

 

2.2 Fluid Part

The viscous fluid flow is described by the governing Navier–Stokes equations, which state the conservation of mass and momentum. In the scope of this paper, an incom-pressible fluid with constant properties is assumed. The governing equations are:

 

ρ                     2 ∂U j ∂U j ∂P ∂Uj + U i = − + μ ,           (22) ∂t ∂x i ∂x j ∂x i ∂x i
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∂Ui = 0 (23)

[image: ]

∂x i

[image: ]

with U j as the velocity component in the j-direction, xi as the Cartesian coordinate in the i-direction, P as the pressure, μ as the dynamic viscosity, and ρ as the density of the fluid. Adequate boundary conditions are describing wall, inflow, outflow, and symmetry type boundaries.

[image: ]

In the scope of this work, the finite volume approach is used to solve the Navier– Stokes equations. Therefore, the governing equations are written in integral form. The equations of mass conservation and momentum conservation are applied to a control volume whose boundaries move with time.
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dt d                                     ∂ + ρdV ρU i dS i − ρU g i dS i − dS i = qdV . (24) ∂x i
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v            S               S                S                V
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Equation (24) is used for both, the continuity equation and the momentum equation. For the momentum equation equals Uj , equals μ, and q equals −∂p/∂xj ; for the continuity equation equals 1, equals 0, and q equals 0. For cases of moving grids with the grid velocity U gi the arbitrary Lagrangian Eulerian (ALE) approach is applied [7].

In the present work, CFD calculations are performed by the commercial Com-putational Fluid Dynamics Package CFX-5. CFX-5 solves the 3D Navier–Stokes equations on structured and unstructured grids for compressible and incompress-ible flows. For the simulation of turbulent flows several advanced turbulence models are available, including Reynolds Averaged Navier–Stokes Models (RANS), Large Eddy Simulations (LES), and Detached Eddy Simulations (DES). For the following examples the Shear-Stress-Transport (SST) model was applied [6]. It is appropri-ate for separated flows as it combines the advantages of a k–ω turbulence model in the near wall region with those of the k– turbulence model outside the boundary layer. An advanced multigrid solver capable of parallelization is applied for efficient computing.

By applying the above mentioned ALE approach, CFX-5 offers the possibility of moving and deforming grids such as they are necessary for the deformation of a FSI interface during a coupled simulation. The adaptation of the CFD grid to the updated boundary conditions is performed by solving a diffusion problem:

∇ (KMesh∇ x) = 0

with x b = xb for deformed surfaces (25)  

and x 0 = 0 for undeformed surfaces. 

with x as the displacement of the CFD mesh, KMesh as the mesh stiffness and ∇ as the gradient operator. In order to prevent self penetration of the finite volume elements in the adapted CFD computation grid, it has been proven useful to increase the “Mesh

 

Stiffness” of especially small finite volume cells by setting parameter KMesh to:     m 1

KMesh =         ,                     (26) V FVE
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where VFVE is the volume of a specific finite volume cell and m a natural number. For numbers m greater than 3, depending on the volume of the smallest finite volume cell and the computational precision, floating point exceptions are likely to occur. How-ever, increasing the “mesh stiffness” depending on the volume of the finite volume cells does not diminish the susceptibility of the finite volume cells towards distortion.

2.3 Realization of the Fluid-Structure Coupling

In the procedure of a FSI simulation, the fluid and the structural simulation work to-gether in a staggered algorithm, shown in Figure 5. Stationary and transient simula-tions are possible. With a simple once-per-time-step exchange of coupling quantities, 150     R. Wüchner et al.
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Fig. 5. Flow chart of the coupling algorithm.

 

an explicit coupling scheme is possible. To ensure strong coupling a fully implicit coupling scheme is realized through the implicit iteration loop shown in Figure 5: several coupled computations are conducted until an equilibrium state within one time step is reached. In the current approach, the structural field is computed by the research code CARAT, the fluid part by the general purpose Computational Fluid Dynamics Code CFX-5 of Ansys Inc., and for the coupling the MpCCI-library is used.

For the stabilization of simulations with strong deformations between implicit iteration steps, an under-relaxation technique for the transferred loads within one time step can be applied:

V i +1 = Vi + ri +1 · Vi +1   with   Vi+1 = ˜ Vi+1 − Vi .      (27)

V is a variable the under-relaxation is applied to, V is the non-under-relaxed variable, ˜ r is the under-relaxation-factor, and i is the number of the coupled iteration step within one time step. Small under-relaxation factors provide a good behavior of the coupled simulation towards stability for the price of a high computational effort. Therefore, a reasonable choice for the parameter r is required. Following the work of Mok and Wall [8] in this approach the Aitken method is applied:
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Fig. 6. Data exchange of non-matching grids.

 

μ              (Vi −     T V i + 1 ) · Vi+1 + i 1 = μ i + (μ i − 1 ) ,        (28) | V i − V i + 1 | 2
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ri              μ + 1 = 1 −i+1 with μ1 = 0                                 (29)

In the current coupling approach for non-matching grids [3], surface pressure and displacement are interpolated in a bilinear manner using the coupling library MpCCI. The Mesh-based parallel Code Coupling Interface MpCCI was developed as a standardized tool for the coupling of multiple codes. The main benefit of MpCCI is its ability to support different discretizations of the common interface. This pos-sibility to transfer and interpolate mesh based quantities between non-matching grids of the structure and fluid part on the coupling interface ensures that each simulation code can work on an optimal mesh for the specific numerical simulation method (Figure 6).

For an interface concerning a membrane structure, the thickness of the structure is neglected and accordingly the structure is treated as an infinitesimally thin plane in both the fluid and the structural computation. In the fluid simulation this infinite thin plane possesses two interface surfaces, one on each side, whose meshes do not need to coincide, while in the structural analysis the meshes on both sides coincide.

 

3 Numerical Results

3.1 Hanging Roof

In the following example a hanging membrane roof under wind loading is presented. The setup is three dimensional. For the sake of computational efficiency, the depth of the channel is limited. Together with appropriate fluid boundary conditions this reduces the problem to two dimensions.

The parabolic velocity profile at the beginning of the channel has a maximum inflow velocity of 26 m/s. Figure 7 shows the simulation setup and a detail of the 152     R. Wüchner et al.
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Fig. 7. Setup for the simulation of a hanging roof under wind loading.

 

roof including the CFD-grid: the structure consists of a membrane roof with a span of 10 m prestressed by its own weight and bordered by rigid walls. The mem-brane material is a polyester fabric with PVC coating of type I and a thickness of 1 mm. The structural analysis is performed with 4-node membrane elements using the generalized-α method to solve the dynamic problem. In the fluid analysis a SST-turbulence model with wall functions is applied and the fluid properties are those of air at 25 ◦C.

With this setup, the simulation comprises an interaction between incompressible fluid and flexible, nearly mass less structure. Thereby, this formulates a sophistic-ated problem for the analysis by partitioned methods due to “artificial added mass effects” [8]. To solve this problem, the choice of an appropriate coupling scheme and parameters have to be analyzed.

In a first attempt, an explicit, non-iterative coupling scheme was chosen: the fluid and the structural field are solved only once every time step. The time step size was identified as the crucial parameter. An upper limit for the length of the time step is given by the required resolution, determined by the physical behavior of the coupled system. Therefore, the time step has to be sufficiently small. Unfortunately, using explicit coupling schemes, the simulation shows an instable behavior: the occurring displacement of and the pressure on the structure rise until either the mesh adaptation algorithm for the fluid grid or the structural nonlinear solver fails. Furthermore, this instability seems to occur the sooner the smaller the time step size is. Therefore, no time step could be found here for which the physical time resolution is high enough to resolve the structural behavior and the explicit coupling scheme shows a stable behavior.
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Fig. 8. Comparison of different time steps in explicit coupling schemes and implicit coupling scheme.

 

Figure 8 shows time-displacement diagrams for explicit coupling schemes using different time steps and for comparison the results for an implicit coupling scheme. The displacement resembles the vertical movement of a node A located in the middle of the roof. Showing strong excitations described above, the results of the computa-tion using explicit iteration schemes are physically meaningless.

In order to avoid the shortcomings described above, now an implicit, iterative coupling scheme is applied. The time step size of 0.1 seconds proved to be a good compromise between a sufficient time resolution and a reasonable computational ef-fort and hence will be used in the following computations. As stabilization technique the under-relaxation presented in Section 2.3 is applied. Figure 9 gives a comparison for different calculations with implicit iteration schemes using fixed under-relaxation factors or an adaptive under-relaxation by Aitken’s Method.

The case of a constant under-relaxation factor r const = 1.0 resembles an implicit coupled computation without any stabilization. However, this calculation does not converge for r const = 1.0. Hence, a pure implicit coupling does not ensure conver-gence for this case. If the under-relaxation factor is lowered, the computation runs more and more stable until for rconst = 0.2 the whole simulated time of 10 seconds can be analyzed. Once a stable simulation behavior is achieved, the stabilization technique itself has a very small influence on the results.

However, with a decreasing under-relaxation factor and thus a more stable calcu-lation, the computational effort increases strongly. So the stable behavior can only be paid with higher computational effort. In Figure 11 the computational effort for the 154     R. Wüchner et al.
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Fig. 9. Comparison of implicit coupling scheme using different under-relaxation factors.
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Fig. 10. Comparison of selected under-relaxation factors for an implicit coupling scheme.

 

fixed under-relaxation factors rconst = 0.1 and rconst = 0.2 are compared together with an adaptive under-relaxation through the Aitken’s Method. The ordinate shows
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Fig. 11. Comparison of computational effort for stabilized implicit coupling schemes.

 

the accumulated number of required interfield fsi-iterations until a kinematic equi-librium within one time step is reached. Therefore the accumulated number of these iterations gives an adequate measure for the relative computational effort of these computations. The required number of fsi-iterations for each time step is almost con-stant during the computation; hence the graphs in Figure 11 resemble almost a line. The steepness proves to be dependent of the under-relaxation technique and becomes the steeper the smaller rconst is chosen. Here the by far most efficient computation is the one using the adaptive under-relaxation.

Figure 12 shows the time-displacement curve in the middle of the roof together with the time-“number of coupled iterations”-curve below for an adaptive Aitken sta-bilization. Especially in the zoomed view, the displacements resulting from iterations of the coupling algorithms are visible as the algorithm tends towards an equilibrium displacement for each time step.

The simulation results show the expected upward movement, “snap-through” of the membrane roof, and following oscillations. Figure 13 shows the deformation and the flow around the roof after the “snap-through” point.

3.2 Four-Point Tent Structure

After the quasi two-dimensional simulation of the hanging roof, a fully three-dimensional case will be discussed: a four-point tent structure under wind loading. The aim of this simulation is the qualitative assessment of the occurring effects and their magnitude.

156     R. Wüchner et al.
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Fig. 12. Implicit coupling procedures using Aitken’s method for stabilization: Iterations and results.

 

The inflow profile is logarithmic according to the requirements of German build-ing code DIN 1055-2. The four-point tent structure resembles a saddle surface of a membrane with a uniform prestress of 2.5 kN/m stabilized by four cables at the edges prestressed with 50 kN. The two masts are steel tubes with a diameter of 88.9 mm and a thickness of 6 mm. The bracing consists of two sets of two guy cables with a diameter of 13.8 mm and prestressed with a force of 41 kN. The membrane ma-terial is a polyester fabric with PVC coating of type I and a thickness of 1 mm, the edge cables are spiral strands with a diameter of 16 mm. The dimensions are given in Figure 14.

The setup of the analysis follows the flow chart given in Figure 1, including the form finding procedure described in Section 2.1 to acquire the proper initial geo-metry. In the fluid domain only the membrane itself is modeled, the influence of cables and masts on the flow field are neglected. For the form finding and the struc-tural analysis, masts and cables are fully taken into account. The interface is treated as a two-sided infinite thin surface in both the structure and flow analysis.

The simulation setup is totally 3D (Figure 15) using a tetrahedral mesh for the CFX simulation with refinement by prism layers nearby the membrane and the bot-tom. A SST-turbulence model with appropriate wall functions is applied. In the struc-
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Fig. 13. Deformation of membrane roof and velocity vectors.
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Fig. 14. Geometry and dimension of the four-point tent structure.

 

tural analysis 3-node membrane elements are used for a nonlinear analysis. The fluid is air at 25◦C.

As a first approach, a steady-state analysis of the tent was performed. The max-imum wind speed is 30 m/s. The most susceptible configuration with respect to the deformations as well as the pressure load on the membrane is reached when the higher tip of the structure heads towards the wind. As Figure 16 shows, an upwards deformation occurs in the front part while the rear part deforms downwards.

The dynamic behavior of the coupled system was analyzed in a transient FSI simulation. With regard to the low fluid density and the large deformations of the structure, the computation was carried out in a fully implicit manner. The time in-tegration used on the fluid side was a second order backward euler scheme, on the structural side the generalized-α method was applied.
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Fig. 15. Visualization of flow and pressure at the membrane.
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Fig. 16. Deformation for wind flow in the y-direction.

 

The fluid simulation was started from the result of a steady-state solution of flow around the undeformed membrane at 20 m/s. Therefore, the undeformed membrane first needs to find its equilibrium for this inflow velocity. During this initial stage, the inflow velocity was kept constant until the structure stopped oscillating at t = 4.0 s. In the following the maximum wind speed was varied between 10 m/s and 30 m/s in a gust-like behavior. Figure 17 shows the maximum inflow velocity and maximum displacement of the structure: the structural deformation follows the variation of the wind speed without any delay due to its prestress and its little mass. This supports

Analysis of Free Form Membranes Subject to Wind Using FSI 159

[image: ]

 

Fig. 17. Max. infow velocity and max. displacement over simulation time.
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Fig. 18. Response of the structure at different time steps.

 

earlier results which showed very little influence of the mass of the membrane on the inertia of the system. Figure 18 presents the state of deformation at different time steps.

These results provide a first assessment to the structure’s behavior under wind loading, as well in magnitude of the deformation as in the occurring frequencies. Thereby, a possibility to quantify the effects, which are expected due to the geometry and the problem setting, is given.

160     R. Wüchner et al.

4 Conclusion

In this paper a modular software environment using methods of fluid-structure inter-action for the simulation of wind effects on light-weight structures like tents, shells, or membrane roofs was presented.

To take into account all demands arising from the physical problem, a partitioned approach using highly developed codes for the single field computations, namely CARAT and CFX-5, is applied. In the case of membrane structures the coupling surface consists of an infinitely thin structure which is represented by two interface meshes on both wetted sides, respectively.

It is demonstrated that the special load carrying behavior of membranes requires additional considerations concerning prestressing and form finding. Strongly and weakly coupled iterations schemes are possible. It is pointed out that in the case of flexible, nearly massless structures interacting with incompressible fluids iterative coupling is necessary. For the stabilization of strongly coupled iteration schemes an under-relaxation technique is applied using adaptive relaxation factors determined by the Aitken method.

The application of the proposed software environment and the frame algorithm is shown in two examples. The first example concentrates on a 2D transient numerical experiment: a hanging roof structure subjected to wind flow. In the second example the stationary and transient analysis of a wind loaded tent structure is performed after the geometrical definition of the coupling interface was done by means of the updated reference procedure.

Considering the requirements towards the occurring turbulence and the boundary conditions, it is obvious that further improvements are necessary in order to precisely approach the effects of wind loads. However, they provide an idea about the occur-ring effects and their magnitude, showing the possibilities that the application of methods of FSI opens in wind engineering.
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Abstract. This paper shows applications of a recently developed thin shell element adequate for the analysis of membrane and inflatable structures. The element is a three node triangle with only translational degrees of freedom that uses the configuration of the three adjacent elements to evaluate the strains in terms of the nodal displacements only. This allows us to compute (constant) bending strains and (linear) membrane strains using a total Lagrangian formulation. Several examples, including inflation and deflation of membranes and some prac-tical applications to the analysis, design and construction of membrane structures formed by low pressure inflatable tubes are presented.
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1 Introduction

Inflatable structures have unique features. Because of their foldability and air- or helium pneumatic stabilization they cannot be compared to any classical structural concepts.

Inflatable structures have become increasingly popular in recent years for a wide range of applications in architecture, civil engineering, aeronautic and airspace situ-ations.

The use of inflatable structures can be found in temporary and/or foldable struc-tures to cover large spaces or to support other elements, in permanent roofs or shelters
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with a high degree of transparency, in mobile buildings as temporary housing in civil logistic missions (e.g. environmental disasters and rescue situations), in the construc-tion of tunnels and dams, in antennas for both ground and aerospace applications, as well as in extremely light airship structures among other uses [1–11].

Some efforts have been made in the past years to develop inflated structures formed by assembly of high pressure tubes. The obvious disadvantages of these structures are the design of the joints and their big vulnerability to air losses. In general, high pressure inflated structures are difficult to maintain and repair and have high costs.

Inflatable structures formed by an assembly of self-supported low pressure tubu-lar membrane elements are ideal to cover large space areas. They also adapt easily to any design shape and have minimal maintenance requirements, other than keeping a constant low internal pressure accounting for the air losses through the material pores and the seams.

The simulation of the inflation of membrane structures is normally performed with membrane finite elements, i.e. no bending stiffness included. The formulation of such elements is simple as they only require   0 C continuity [12], in contrast with elements based on thin shell theory where   1 C continuity implies important obstacles [13] in the development of conforming elements. Triangular elements are naturally preferred as they can easily adapt to arbitrary geometries and due to the robustness of the associated mesh generators.

Membrane structures components have some, although small, bending stiffness that in most cases is disregarded. However in many applications it is convenient to include bending energy in the model due to the important regularization effect it in-troduces. Shell elements are typically more complex and expensive due the increase in degrees of freedom (rotations) and integration points (through the thickness). In the last few years shell elements without rotation degrees of freedom have been de-veloped [14–22], which make shell elements more efficient for both implicit and explicit integration schemes.

When only the final configuration of the membrane is of interest implicit schemes are normally used, including special algorithms due to the lack of stiffness of the membrane when no tensile stresses are yet present. When the inflation/deflation pro-cess is of interest, the explicit integration of the momentum equations is largely pre-ferred. Modeling of complex deformation with constant strain shell triangles, such as those occuring in the inflation-deflation process of inflatable membranes account-ing for frictional contact conditions typically require fine discretizations. These type of simulations can be time consuming due to the time increment limitations. In this paper a rotation-free triangular shell element with similar convergence properties to the linear strain triangle, but without its drawbacks, is used.

The outline of this article is as follows. The next two sections summarize the rotation-free shell triangle used. Section 4 summarizes the procedure for aer-oelastic analysis. Section 5 presents examples of application to the analysis of inflat-
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able membranes. The paper concludes with practical examples inflatable structures formed by low pressure inflatable tubes designed and analyzed using the technology described in the paper. Finally, Section 6 presents some conclusions.

 

2 Formulation of the Rotation Free Shell Triangle

2.1 Shell Kinematics

A summary of the most relevant hypothesis related to the kinematic behaviour of a thin shell are presented. Further details may be found in the wide literature dedicated to this field [21–23].

Consider a shell with undeformed middle surface occupying the domain 0   in

R 3                   0                                                  0 with a boundary . At each point of the middle surface a thickness h is defined. The positions 0 x and x of a point in the undeformed and the deformed configurations can be respectively written as a function of the coordinates of the middle surface ϕ and the normal t3 at the point as

x 0                0              0 (ξ 1   2            1   2       3 , ξ , ζ ) = ϕ (ξ , ξ ) + λt , (1)

x (ξ1, ξ2, ζ ) = ϕ (ξ1, ξ2) + ζ λt3, (2)

where ξ 1, ξ2 are arc-length curvilinear principal coordinates defined over the middle surface of the shell and ζ is the distance from the point to the middle surface in the undeformed configuration. The product ζ λ is the distance from the point to the middle surface measured on the deformed configuration. The parameter λ relates the thickness at the present and initial configurations as:

λ = h 0 . (3)
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h

This approach implies a constant strain in the normal direction. Parameter λ will not be considered as an independent variable and will be computed from purely geometrical considerations (isochoric behaviour) via a staggered iterative update. Besides this, the usual plane stress condition of thin shell theory will be adopted.

A convective system is computed at each point as

gi (ξ ) = ∂ x ,    i =

1, 2, 3, (4)

[image: ]

∂ξ i

 

g        ∂ (ϕ (ξ1, ξ2) + ζ λt3) (ξ ) α = = ϕ     ζ (λ α +t3) ,   α α = 1, 2,       (5) ∂ξ α
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g        ∂ (ϕ (ξ1, ξ2) + ζ λt3) (ξ ) 3 = = λt3.                               (6) ∂ζ
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This can be particularized for the points on the middle surface as 166     E. Oñate et al.

aα = gα (ζ = 0) = ϕ , (7)  α

a 3 = g3 (ζ = 0) = λt3. (8)

The covariant (first fundamental form) metric tensor of the middle surface is

aαβ = aα · aβ = ϕ      . α · ϕ β                      (9)

The Green–Lagrange strain vector of the middle surface points (membrane strains) is defined as

ε                 T m   ε = [ m , ε                     (10) , ε ]

11      12      12 m m

with

ε      1        0 (a m ij = ij − a ).                         (11) ij 2
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The curvatures (second fundamental form) of the middle surface are obtained by

 

καβ = 1 (ϕ α · t3β + ϕ    ) β · t3α = −t3 · ϕ ,   α, β    1, 2.       (12) αβ =

[image: ]

2

The deformation gradient tensor is

F =[x           ϕ            ϕ 1 , x 2 , x ζ (λ t ) 3 ] = 1 + 3     ζ (λ 1 2 +t3)    λ   . 2 t 3      (13)

The product   T        2 F F = U = C (where U is the right stretch tensor, and C the right Cauchy-Green deformation tensor) can be written as

⎡                    ⎤

a 11 + 2κ11ζ λ a12 + 2κ12ζ λ   0

U = 2    ⎢                                ⎥ ⎣ a12 + 2κ12ζ λ a22 + 2κ22ζ λ   0 ⎦ . (14)

0                      2 0 λ

In the derivation of expression (14) the derivatives of the thickness ratio λ a and the terms associated to 2 ζ have been neglected.

Equation (14) shows that   2 U is not a unit tensor at the original configuration for curved surfaces ( 0 κ = 0). The changes of curvature of the middle surface are

ij

computed by

χ         0 ij        ij       ij κ = − κ . (15)

Note that δχij = δκij .

For computational convenience the following approximate expression (which is exact for initially flat surfaces) will be adopted

⎡                  ⎤

a 11 + 2χ11ζ λ a12 + 2χ12ζ λ 0

U = 2    ⎢                             ⎥ ⎣ a12 + 2χ 12ζ λ a22 + 2χ22ζ λ 0 ⎦ . (16)

0                    2 0 λ
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This expression is useful to compute different Lagrangian strain measures. An advantage of these measures is that they are associated to material fibres, what makes it easy to take into account material anisotropy. It is also useful to compute the eigen decomposition of U as

 3

U =   λα rα ⊗ rα ,                  (17)

α 1 =

where λα and rα are the eigenvalues and eigenvectors of U.

The resultant stresses (axial forces and bending moments) are obtained by integ-rating across the original thickness the second Piola–Kirchhoff stress vector σ using the actual distance to the middle surface for evaluating the bending moments. This

gives                                             

σ m ≡ [N11 , N22, N12]T =    σ dζ,                 (18)

 h0

σ b ≡ [              T M 11 , M 22 , M 12 ] =    σ λζ dζ.               (19)

h 0

With these values the virtual work can be written as

    T δ ε m σ m + T b dA = T δ κ σ δ u tdA,      (20) A0                                             0 A

where δu are virtual displacements, δ εm is the virtual Green–Lagrange membrane strain vector, δ κ are the virtual curvatures and t are the surface loads. Other load types can be easily included into (20).

 

2.2 Constitutive Models

In order to treat non linear material behaviour at finite strains an adequate stress-strain pair must be used. The Hencky measures will be adopted here. The (logar-ithmic) strains are defined as

⎡       ⎤

⎢ ε11 ε21 0        3 ⎥

Eln = ⎣ ε12 ε22 0 ⎦ =    ln (λα ) rα ⊗ rα              (21)

0   0 ε       α 1 33 =

The use of a logarithmic strain measure reasonably allows to adopt an additive decomposition of elastic and non-linear (plastic) strain components as

E    e       p ln    E = E +                           (22)

ln       ln

A constant linear relationship between the (plane) Hencky stresses and the logar-ithmic elastic strains is chosen giving
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T =   e H E ,                      (23) ln

where H is the constitutive matrix.

The constitutive equations are integrated using a standard return algorithm. De-tails of an specific constitutive model for rubber-type materials can be found in [21, 22]. The Hencky stress tensor T can be easily particularized for the plane stress case.

We define the rotated Hencky and second Piola–Kirchhoff stress tensors as

TL = T R T R (24)  L  L  ,

S     T L    L R = S R , (25)  L

where RL is the rotation tensor obtained from the eigenvectors of U given by

R L = [r1, r2, r3]. (26)

The relationship between the rotated Hencky and Piola–Kirchhoff stresses is (α, β = 1, 2)

[SL]αα = 1

2 [TL]   , αα
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λα

 

[SL]αβ = ln(λα/λβ ) 1 [TL]αβ . (27)  2  2  (λ
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2     − λ ) α β
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The second Piola–Kirchhoff stress tensor can be computed by

 2 2

S =      [SL]αβ rα ⊗ rβ.                   (28)

α 1 β 1 = =

The second Piola–Kirchhoff stress vector σ used in Equations (18–19) can be readily extracted from the S tensor.

 

3 Enhanced Basic Shell Triangle

The main features of the element formulation (termed EBST for Enhanced Basic Shell Triangle) are the following:

1. The geometry of the patch formed by an element and the three adjacent elements

is quadratically interpolated from the position of the six nodes in the patch (Fig-ure 1).

2. The membrane strains are assumed to vary linearly within the central triangle

and are expressed in terms of the (continuous) values of the deformation gradient at the mid-side points of the triangle.
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Fig. 1. (a) Patch of three node triangular elements including the central triangle (M) and three adjacent triangles (1, 2 and 3); (b) Patch of elements in the isoparametric space.

Table 1. Isoparametric coordinates of the six nodes in the patch of Figure 1.
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1   2   3   4    5    6
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ξ    0   1   0   1   –1    1 η   0   0   1   1    1   –1

[image: ]

 

3. An assumed constant curvature field within the central triangle is chosen. This

is computed in terms of the values of the (continuous) deformation gradient at the mid-side points.

Details of the derivation of the EBST element are given below.

 

3.1 Definition of the Element Geometry and Computation of Membrane Strains

A quadratic approximation of the geometry of the four elements patch is chosen using the position of the six nodes in the patch. It is useful to define the patch in the isoparametric space using the nodal positions given in Table 1 (see also Figure 1).

The quadratic interpolation is defined by

 6

ϕ =   Ni ϕ                     (29) i

i    1 =

with (ζ = 1 − ξ − η)
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N1 =            ζ ζ + ξ η,    N4 = (ζ − 1),

[image: ]

2

N2 =            ξ ξ + ηζ,   N5 = (ξ − 1),
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2

N3 =            η η + ζ ξ,    N6 = (η − 1). (30)
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2

This interpolation allows to computing the displacement gradients at selected points in order to use an assumed strain approach. The computation of the gradients is performed at the mid-side points of the central element of the patch denoted by G1, G2 and G3 in Figure 1. This choice has the following advantages.

• Gradients at the three mid-side points depend only on the nodes belonging to the

two elements adjacent to each side. This can be easily verified by sampling the

derivatives of the shape functions at each mid-side point. • When gradients are computed at the common mid-side point of two adjacent ele-

ments, the same values are obtained, as the coordinates of the same four points

are used. This in practice means that the gradients at the mid-side points are inde-

pendent of the element where they are computed. A side-oriented implementation

of the finite element will therefore lead to a unique evaluation of the gradients

per side.

The Cartesian derivatives of the shape functions are computed at the original configuration by the standard expression

 

           N i, 1 N − i,ξ = 1 J ,               (31) N i, 2 N i,η

where the Jacobian matrix at the original configuration is

 

J     ϕ 0             ! 0 · t 1 ϕ ξ · t 1 η = .                        (32) 0 0 ϕ · t 2 ϕ · 2 ξ t η

The deformation gradients on the middle surface, associated to an arbitrary spa-tial Cartesian system and to the material Cartesian system defined on the middle

surface are related by                           ϕ                −1

    , 1 ϕ2   = ϕ ,           . ξ ϕ η J                          (33)

The membrane strains within the central triangle are obtained using a linear as-sumed strain field ε ˆm, i.e.

εm = ˆ εm (34)

with

ε                                       3 i ˆ m = ( 1 − 1 2 3 2 ζ ) ε ( 1 2 ξ ) ε 2 η) ε ¯       (35) m + − 1 ε , m + ( − N m = i m

i    1 =
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where i ε are the membrane strains computed at the three mid-side points G (i = 1, 2, 3 see Figure 1). In Equation (35) N1 ¯ m                                              i

= (1 − 2ζ ), etc.

The gradient at each mid-side point is computed from the quadratic interpolation (29):

 

              3 ⎣ ϕ α ⎡       ⎤

G = i ϕ =      i        i N ϕ ⎦   ϕ   , α = , ,    = α j,α j + N 1 2 i 1, 2, 3. i + 3 ,α i + 3 (36) i

j 1 =

Substituting Equation (11) into (35) and using Equation (9) gives the membrane

 

strain vector as                            ⎧              ⎫ i ⎪ 3 ϕ ⎨ · i ϕ 1 − 1 ⎪ 1 ⎬ 1 ε m ¯ = i i N i ϕ 2 · ϕ 1 2 −                    (37) 2 ⎪ ⎪ i = 1 ⎩ i i ⎭ 2 ϕ ϕ 1 · 2
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and the virtual membrane strains as

 

δ        ⎧            ⎫ i ⎪ i 3 ϕ ⎨ δ · ϕ 1 ⎪ 1 ⎬ ¯ ε m = i i N i ϕ ϕ ⎪ 2 · δ .           (38) 2 ⎪ i = 1 ⎩ i i i ⎭ δ ϕ · ϕ ϕ 1 + · i δ ϕ 2 1 2

We note that the gradient at each mid-side point Gi depends only on the coordin-ates of the three nodes of the central triangle and on those of an additional node in the patch, associated to the side i where the gradient is computed.

Combining Equations (38), (36) and (29) gives

δ             p ε m    m δ = B u ¯                         (39a)

with

18 δ u ¯p = [        T    T    T δ u ¯ T    T     T T , δ u , δ u u , δ u 1 ¯ u , δ                (39b) 2 ¯ , δ 3 ¯ 4 ¯ 5 ¯ 6 ] × 1

where   p δ u ¯ is the patch displacement vector, δu ¯ contains the three virtual displace-i

ment of node i and Bm is the membrane strain matrix. An explicit form of Bm is given in [21, 22].

Note that the membrane strains within the EBST element are a function of the displacements of the six patch nodes.

 

3.2 Computation of Curvatures

We will assume the following constant curvature field within each element

κ αβ = ˆ καβ, (40)

where κ ˆαβ is the assumed constant curvature field defined by 172     E. Oñate et al.

1 

κ ˆ                             0 αβ = − t 3 · ϕ dA,                    (41) 0 βα A 0 A M M
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where   0 A is the area (in the original configuration) of the central element in the

M

patch.

Substituting Equation (41) into (40) and integrating by parts the area integral gives the curvature vector within the element in terms of the following line integral

 

κ    ⎧   ⎫       ⎡      ⎤ κ ⎨ 11 ) ⎬ − n 1 0      1 t ⎦ 3 · ϕ κ 22 ⎣ = = 0 − 1 n 2 d,      (42) ⎩ ⎭ 0 A 0 t − 3 · ϕ 2 κ M M 12 − 2 n 2 n 1
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where ni are the components (in the local system) of the normals to the element sides in the initial configuration   0 . The integration by parts of Equation (41) is

M

typical in finite volume methods for computing second derivatives over volumes by line integrals of gradient terms [16, 17, 19, 21, 22]. For the definition of the normal vector t3, the linear interpolation over the central element is used. In this case the tangent plane components are

 

ϕ     3 M , α   , , α = L i,α ϕ i = 1 2             (43a)

i    1 =

 

t       ϕ 1 × ϕ 3 = 2 = λ ϕ1 × ϕ . 2                (43b) ϕ 1 × ϕ 2
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From these expressions it is also possible to compute in the original configuration the element area   0                             i A , the outer normals (n 1 , n 2 ) at each side and the side lengths

M

l M . Equation (43b) also allows us to evaluate the thickness ratio λ in the deformed

i

configuration and the actual normal t3.

The numerical evaluation of the line integral in Equation (42) results in a sum over the integration points at the element boundary which are, in fact, the same points used for evaluating the gradients when computing the membrane strains. As one integration point is used over each side, it is not necessary to distinguish between sides (i) and integration points (Gi ). In this way the curvatures can be computed by

 

κ     1 ⎡      ⎤ 3 − n 1 0    t M 3 · ϕ = l ⎣ 1 0 − n 2 ⎦ d.         (44) 0 i t · ϕ A M i = 1 − n 2 − 3 2 n 1

[image: ]

Equation (44) is now expressed in terms of the shape functions of the 3-noded triangle   M L (which coincide with the area coordinates [23]). Noting the property of

i

the area coordinates                  M !           ! M

∇ M     i,x L            i l n Li =        = − i              x

LM (45)  i  2  A  M  n  i,y  y

[image: ]
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the expression for the curvature can be expressed as

 

κ      ⎡ M    ⎤ L 0      ! 3 i, 1 i ⎢ ⎥ t 3 · ϕ = M 1 2 ⎣ 0 L .             (46) i, 2 ⎦ i t 3 · ϕ i = 1 M M 2 L L i, 2 i, 1

The gradient   i ϕ is evaluated at each side G from the quadratic interpolation 

 

α                            i        ⎡      ⎤ ϕ i    !                   !   ϕ1 i i i i N ϕ                            N N N    ⎢ ϕ ⎥ 1 = 1 , 1 2 , 1 3 , 1 i + 3 , 1 ⎢ 2 ⎥ .               (47) i i i i i ⎣ ⎦ N N N N ϕ 3 2 1 , 2 2 , 2 3 , 2 i + 3 , 2 ϕ

i    3 +

This is a basic difference with respect of the computation of the curvature field in the original Basic Shell Triangle (BST) where the gradient at the side mid-point is computed as the average value between the values at two adjacent elements [17, 19, 21, 22].

Note again than at each side the gradients depend only on the positions of the three nodes of the central triangle and of an extra node (i + 3), associated precisely to the side (G i) where the gradient is computed.

Direction t3 in Equation (46) can be seen as a reference direction. If a different direction than that given by Equation (43b) is chosen at an angle θ with the former, this has an influence of order 2 θ in the projection. This justifies Equation (43b) for the definition of t3 as a function exclusively of the three nodes of the central triangle, instead of using the 6-node isoparametric interpolation.

The variation of the curvatures can be expressed as

 

δ        ⎡ M    ⎤ L 0            !             !* 3 i, 1 3 i i i + N ( t ⎥ N j, 1 3 · δ u ¯ 3 j ) ( t δ + 3 u ¯ ) i 3 , 1 · ⎢ κ = M 2 ⎣ 0 L i, 2 ⎦ + − i i N ( t · δ u ¯ i + N ( t 3 · δ u ¯ 3 j ) ) M M i = 1 j, 2 i + 3 , 2 3 i = 1 L L i, 2 i, 1

 

− ⎡ M 1    M 2 ⎤ (L ρ ρ ) 1 11 + L 3 i, i, 2 11 ⎢ M 1 M 2 ⎥ ⎣ (L ρ L ρ ) i, 1 22 + ⎦ (t3 ·          p δ u ¯ i ) = B b δ u ¯ .              (48) i, 2 22

i    1          M    1         M    2 = (L ρ L ρ ) +

i,1   12       i,2 12

In Equation (48)

B b = [Bb , B , . . . , 1 b B   .                        (49) 2 b 6 ]

Details of the derivation of the curvature matrix Bb are given in [21, 22, 26].

3.3 The EBST1 Element

A simplified and yet very effective version of the EBST element can be obtained by using one point quadrature for the computation of all the element integrals. This 174     E. Oñate et al.
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Fig. 2. Local Cartesian system for the treatment of symmetry boundary conditions.

 

element is termed EBST1. Note that this only affects the membrane stiffness matrices and it is equivalent to using a assumed constant membrane strain field defined by an average of the metric tensors computed at each side [21, 22].

Numerical experiments have shown that both the EBST and the EBST1 elements are free of spurious energy modes [21, 22].

 

3.4 Boundary Conditions

Elements at the domain boundary, where an adjacent element does not exist, de-serve a special attention. The treatment of essential boundary conditions associated to translational constraints is straightforward, as they are the natural degrees of free-dom of the element. The conditions associated to the normal vector are crucial in the bending formulation. For clamped sides or symmetry planes, the normal vector t3 must be kept fixed (clamped case), or constrained to move in the plane of sym-metry (symmetry case). The former case can be seen as a special case of the latter, so we will consider symmetry planes only. This restriction can be imposed through the definition of the tangent plane at the boundary, including the normal to the plane of symmetry   0 ϕ      that does not change during the process.

n

The tangent plane at the boundary (mid-side point) is expressed in terms of two orthogonal unit vectors referred to a local-to-the-boundary Cartesian system (see Figure 2) defined as

[ 0 ϕ , ϕ ¯ ], (50)  n  s

where vector   0 ϕ       is fixed during the process while direction ϕ ¯ n                                               s emerges from the intersection of the symmetry plane with the plane defined by the central element (M). The plane (gradient) defined by the central element in the selected original convective Cartesian system (t1, t2) is

[ M    M ϕ , ϕ .                           (51) 1 2 ]
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The intersection line (side i) of this plane with the plane of symmetry can be written in terms of the position of the nodes that define the side (j and k) and the original length of the side M l , i.e.

i

ϕ       ϕ                      (52) s = i            1 (         ). k − M     ϕ j

[image: ]

li

That together with the outer normal to the side i                         T                                   T  n  =  [  n  1 , n  2            1,  ]  =  [  n  ·  t  n  ·  t  ]

2

(resolved in the selected original convective Cartesian system) leads to

 

ϕ iT !              ! iT n 1 1 − n 2 ϕ = n ,                (53) iT iT n n ϕ 2 1 ϕ 2 s

where, noting that λ is the determinant of the gradient, the normal component of the gradient   i ϕ      can be approximated by

n

ϕ 0

ϕ i                n                                  . = n (54)  i

[image: ]

λ|ϕ | s

For a simple supported (hinged) side, the problem is not completely defined. The simplest choice is to neglect the contribution to the side rotations from the adjacent element missing in the patch in the evaluation of the curvatures via Equation (42) [17, 19, 21, 22]. This is equivalent to assume that the gradient at the side is equal to the gradient in the central element, i.e.

[ i       i            M      M ϕ , ϕ , ]. 1 ] = [ ϕ 2 1 ϕ                              (55) 2

More precise changes can be however introduced to account for the different nat-ural boundary conditions. One may assume that the curvature normal to the side is zero, and consider a contribution of the missing side to introduce this constraint. As the change of curvature parallel to the side is also zero along the hinged side, this obviously leads to zero curvatures in both directions.

We note finally that for the membrane formulation of the EBST element, the gradient at the mid-side point of the boundary is assumed equal to the gradient of the main triangle.

More details on the specification of the boundary conditions on the EBST ele-ment can be found in [21, 22].

 

3.5 Explicit Solution Scheme

For simulations presenting large geometrical and/or material non-linearities, in-volving frictional contact conditions on complex geometries, convergence is diffi-cult to achieve with implicit schemes. In these cases an explicit solution algorithm is typically most advantageous. The explicit scheme provides the solution for dynamic problems and also for quasi-static problems if an adequate damping is chosen.
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The dynamic equations of motion to solve are of the form

r(u ¯) + Du ˙¯ + Mu ¨¯ = 0, (56)

where u ¯ is the nodal displacement vector for the whole mesh, M is the mass mat-rix, D is the damping matrix and the dot means the time derivative. The solution is performed using the central difference method. To make the method competitive a diagonal (lumped) M matrix is typically used and D is taken proportional to M. As usual, mass lumping is performed by assigning one third of the triangular element mass to each node in the central element.

The explicit solution scheme can be summarized as follows. At each time step n where the displacements u have been computed:

1. Compute the residual forces n r. This follows the steps described in Box 1.

2. Compute the accelerations at time tn

un        1 n       n 1/2 ¨¯ − = − Md [ r − Du    ] ˙¯, (57)

where Md is the diagonal (lumped) mass matrix.

3. Compute the velocities at time tn+1/2

u n 1/2        1/ n2     n + ˙¯ − = ˙¯ u     + ¨¯ u δt. (58)

4. Compute the displacements at time tn+1

u ¯n        n 1     n 1 2 / + + = ¯ u + ˙¯ u     δt.                    (59)

5. Update the shell geometry.

6. Check frictional contact conditions.

The formulation of the EBST element described above has been implemented in the explicit dynamic code STAMPACK [31]. This code has been used for the structural analysis computations shown in the examples section.

For further details see [21, 22].

 

4 Aeroelastic Analysis

Wind loading analysis is mandatory in outdoor membrane structures such as inflat-able structures formed by low pressure inflatable tubes. Aeroelastic forces can induce the instability and failure of the structure. The accurate computation of wind forces is also essential for the correct design of the anchoring system. A simple weakly coupled staggered aeroelastic scheme has been implemented for the EBST rotation-free shell triangle described in the previous sections. The computation of the wind forces on the membrane structure is performed at each time step using the Tdyn
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1. Generate the actual configuration ϕ n 1     n      n + = ϕ + u ¯

2. Compute the metric tensor a     and the curvatures κ    . Then at each layer k com-αβ n 1                    n 1 + + αβ

pute the (approximate) right Cauchy-Green tensor. From Eq.(14)

C   = n 1     n 1       n 1 + + + a    + k z χ (60)  k

3. Compute the total (21) and elastic (22) deformations at each layer k

 

[ εn      1 + 1     n+1 = ln C                        (61) k k 2 n + 1 n + 1 n  ε  e  ]  =  ε  −  ε  p  k  k  k

4. Compute the trial Hencky elastic stresses (23) at each layer k

T   = n 1          n 1 + + k H [εe] (62)  k

5. Check the plasticity condition and return to the plasticity surface. If necessary correct 

the plastic strains εp       at each layer k n 1 +

6. Compute the second Piola–Kirchhoff stress vector σ and the generalized stresses  k  n 1 +

 

σ n       h 0 NL + 1 n+1 m = σw kk N L k = 1

 

σ n       h 0 N L + 1 n+1 = σz                     (63) b k k w k N L k = 1

where wk is the weight of the through-the-thickness integration point and NL is the number of layers (integration points) across the thickness. Recall that z is the current k distance of the layer to the mid-surface and not the original distance. However, for small strain plasticity this distinction is not important.

This computation of stresses is exact for an elastic problem.

7. Compute the residual force vector for each element from

re              T = L − T i i t dA ( B σ m m + B σ i b b)dA         (64) i

A        A◦
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Box 1. Computation of the residual forces vector for an elasto-plastic material
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fluid-dynamic code based on the solution of the Navier–Stokes equations for a vis-cous flow using a stabilized finite element formulation [33]. Wind forces are used to compute the membrane deformations via the EBST element. This naturally in-troduces changes in the geometry of the domain where the aerodynamic analysis is performed. These changes are taken into account in the fluid-dynamic analysis at the next time step and so on. The transfer of data between the aerodynamic and structural analysis codes is performed via ad-hoc interface for data interchange in fluid-structure interaction problems [27, 28, 32].
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Fig. 3. Inflation of sphere of Mooney–Rivlin material. (a)–(c) EBST meshes used in the ana-lysis. (d) Radius as a function of the internal pressure.

 

5 Examples

All units in the examples are given in the international unit system.

 

5.1 Inflation of a Sphere

As the EBST element uses a quadratic interpolation of geometry, the existance of membrane locking must be assessed. For this example an originally curved surface is considered, where a standard linear strain triangle would lead to membrane lock-ing. The example is the inflation of a spherical shell under internal pressure. An incompressible Mooney-Rivlin constitutive material have been considered [21, 22]. The three meshes of EBST elements considered to evaluate convergence are shown in Figures 3a–3c. The value of the actual radius as a function of the internal pres-sure is plotted in Figure 3d for the different meshes and is also compared with the analytical solution. It can be seen that with a few degrees of freedom it is possible to obtain an excellent agreement for the range of strains considered. The final value corresponds to a thickness radius ratio of h/R = 0.00024. No membrane locking has therefore been detected in this problem. For more details, see [21, 22, 29].
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Fig. 4. Inflation of a square airbag against a spherical object. Deformed configurations for different times. Left figure: results obtained with the full bending formulation. Right figure: results obtained with a pure membrane solution.

 

5.2 Inflation of a Square Airbag against a Spherical Object

The next example is the inflation of a square airbag supporting a spherical object. The lower surface part of the airbag is limited by a rigid plane and on the upper part a spherical dummy object is set to study the interaction between the airbag and the object. The material properties are given in [21, 22, 30].

The airbag geometry is initially square with an undeformed side length of 0.643. Only one quarter of the geometry has been modelled due to symmetry. The thickness considered is h = 0.00075 and the inflation pressure is 250000. Using a density δ = 1000, pressure is linearly increased from 0 to the final value in t = 0.15. The spherical object has a radius r = 0.08 and a mass of 4.8 (one quarter), and is subjected to gravity load during all the process.

The mesh has 8192 EBST elements and 4225 nodes on the surface of the airbag. Figure 4 shows the deformed configurations for three different times. The sequence 180     E. Oñate et al.
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Fig. 5.                                                                           −4 Inflation and deflation of a closed tube. L = 6, D = 2, h = 5 × 10. Left figure: results obtained with the full bending formulation. Right figure: results obtained with a pure membrane solution.

 

on the left figure corresponds to an analysis including full bending effects and the sequence on the right is the result of a pure membrane analysis. Note that the mem-brane solution presents artificial (numerical) wrinkles which dissappear when using the full bending formulation presented in this paper.

5.3 Inflation/Deflation of a Closed Tube

This problem studies the inflating and de-inflating of a tube with a semi-spherical end cap. The tube diameter is D = 2, its total length is L = 6 and the thickness h        − = 5 ×4                                       8 10 . The material has the following properties E = 4 × 10, ν = 0.35, =

Applications of a Rotation-Free Triangular Shell Element 181

[image: ]

 

Fig. 6. Inflation of a tubular arch. (a) Deflated tube. (b), (c) Deformed configurations during the inflation process. (d) Final inflated configuration.

 

2 × 3                                              4 10 . The tube is inflated fast until a pressure of 10 and when pressure is released the tube de-inflates and falls under self weight. The analysis is performed with a mesh of 16704 EBST elements and 8501 nodes modelling a quarter of the geometry. A rigid frictionless base is assumed. Self contact is also included to avoid penetrations. The evolution of the tube walls during the de-inflating process are shown in Figure 5. For this very thin shell, the differences between a full bending solution and a pure membrane solution are less marked.

 

5.4 Inflation of a Tubular Arch

The next example is the analysis of a tubular arch. This kind of archs are joined together to form large inflatable structures for a wide range of applications as shown in the following examples. The tubular arch has a internal diameter of 0.9; is total length is 11                                                       −4 . 0 and the heigth is 4 . 5. The tube thickness is 3 × 10, the constitutive material is polyamid with Young modulus                8 E = 2 . 45 × 10 and Poisson ratio ν = 0.35. Due to geometric symmetrys one quarter of the tube was discretized with 33600 triangular elements (17061 nodes). The simulation includes two stages. First the tube is left fall down under gravity action. Second an internal pressure of p = 883 is applied in a short time and kept constant afterwards until the full inflation of the tube is reached.

Figure 6 shows deformed configurations for different instants of the process.
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Fig. 7. Impact of two spheres on a inflatable structure. Deformed shape at different times.

 

5.5 Impact of Rigid Spheres on an Inflated Pavilion

Figure 7 shows the impact of two rigid spheres on an inflatable structure ressembling a mushroom. The surface has been discretized with a relative coarse mesh of EBST elements. This example simulates the effect of children jumping or walking on an inflatable structure. Frictional contact conditions and elastic material properties are assumed. The pavilion structure is inflated to a low pressure. The sphere on the top of the pavilion is linked to the structure. The bouncing sphere was shot to the structure. The results observed agree very well with the expected behaviour.

A numerical experiment was performed next for reproducing the inflating and deflating process of the mushroom shape pavilion. Figure 8 represents the inflating process.

 

5.6 Deployment of a Spinnaker Sail

Figure 9 shows the simulation of the deployment of a spinnaker sail under the wind action. An elastic material (Naylon) is used with a coarse mesh of 730 EBST ele-ments. The material properties used are                                − E =4 5000, ν = 0 . 3, t = 5 × 10. The wind pressure force is obtained using the Tdyn CFD code [33]. The apparent wind velo-city used is 4. The sail deployment process agrees very well to the real behaviour. The objective was to determine the stress level on the sail.
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Fig. 8. Inflation of a membrane structure. Geometry at different times during the inflating process.
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Fig. 9. Spinnaker sail. Sequence of deployment.
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Fig. 10. Inflated pavilion for a telecommunication exhibition built by assembly of low pres-sure inflatable tubes. Triangular mesh on the pavilion surface and results of the aerodynamic analysis.

 

5.7 Examples of Practical Constructions of Membrane Structures with Low Pressure Inflatable Tubes

Figure 10 presents a pavilion of 150 m2 for a telecommunication company in Spain. The pavilion is made by assembling some 70 low pressure tubes like the one showed in Figure 6. The tubes are joined together to create the pavilion space. The complex-ity of the shape required extensive aerodynamic analysis to guarantee the stability of the structure. This pavilion visited some 15 cities in Spain during 2005.

Figure 11 shows an inflated pavilion of some 200 m2 simulating and old Cadillac automotive for and itinerant exhibition in Spain (2005). The flat geometry of the ceil-ing was a challenge for the designers. Extensive structural and aerodynamic analysis were performed using the Tdyn code [33] to guarantee the integrity of the structure.

Figure 12 shows the design shape of a relative large inflatable exhibition hall (1600 m 2) built in the harbour area of the city of Barcelona on December 2004. Figure 13 shows some stages of the construction of the different inflatable modules of the pavilion and images of the transport, lay-out and inflating operations. Note the simplicity of the transport logistics, compared with the dimensions of the structure, involving a few bags easily carried in a mid-size vehicle. Figure 14 shows images
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Fig. 11. Cadillac style exhibition pavilion built by assembly of low pressure analysis tubes. Geometry and results of the aerodynamic analysis.
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Fig. 12. Exhibition hall in Barcelona built by assembly of low pressure inflatable tubes. Images of the design project.

 

of the outside and inside spaces of the pavilion containing a display of innovative concepts and products in modern art, fashion and information technologies.

Figure 15 shows images of a mid-size inflatable pavilion (250 m2) built for an itinerant exhibition on Gaudi. The exhibition visited some 20 cities in Spain in 2002. Some images of the outside and inside of the pavilion are shown in Figure 16. More details are given in [25].

Figure 17 shows images of an inflatable pavilion of ≈        2 1000 m formed by assem-bling of 6 cylindrical halls. The pavilion was built in an old train station in Barcelona in December 2004 for an exhibition on the history of Civil Engineering in Catalonia. Some views of the pavilion entrance and the inside are shown in Figure 18. For more details of this inflatable pavilion, see [25].

Figures 19 and 20 finally show images of designs of innovative inflatable pavil-ions and halls formed by low pressure inflatable tubes. The versatility of the tube assembly process allows the design and construction of quite complex shapes of artistic and architectural value in a simple and economical manner.

 

6 Concluding Remarks

We have presented in the paper the formulation of a rotation-free enhanced basic shell triangle (EBST) for analysis of thin membranes and inflatable structures. The
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Fig. 13. Inflatable exhibition hall in Barcelona harbour. Images of the construction of the different modules, transport, lay-out and inflating operations.

 

element is based on an assumed constant curvature field expressed in terms of the nodal deflections of a patch of four elements and an assumed linear membrane strain field for the in-plane behaviour. A simple and economic version of the element us-ing a single integration point has been presented. The element has proven to be an excellent candidate for solving practical problems in the design and analysis of low 188     E. Oñate et al.
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Fig. 14. Inflatable exhibition hall in Barcelona harbour. Images of outside and inside spaces. Lower frame shows the first and third authors of the paper (from right to left).
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Fig. 15. Pavilion for an itinerant Gaudi Exhibition in Spain. Geometry and lay-out of the inflation process.
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Fig. 16. Inflatable pavilion for Gaudi Exhibition. Images of outside and inside spaces.
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Fig. 17. Inflatable exhibition hall in Barcelona. Original design. Results of the aerodynamic analysis. Sewing of membrane patterns and final construction.
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Fig. 18. Images of inflatable exhibition hall in Barcelona.

 

pressure inflatable structures under different loading conditions as demonstrated in the examples of application shown.

A large variety of membrane structures built by assembly of low pressure inflat-able tubes has been presented showing the versalitiy and potential of this type of constructions in practice.
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Fig. 19. Projects of low pressure inflatable pavilions. Above: pavilion for an international swimming competition. Below: mobile opera theatre.
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Fig. 20. Projects of pavilions formed by low pressure inflatable tubes.
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Abstract. Due to their flexibility shell or membrane like structures subjected to gas or fluid loading or gas/fluid support undergo large deformations. In order to describe this deformation dependent loading, where value and direction of the pressure loading are a function of the current configuration of the shell structure, the gas or fluid volumes, which are enclosed by the thin walled structure, have to be considered for the appropriate constitutive equations. Then the numerical formulation of the fluid or gas loading can be derived via an analytical meshfree description for the fluid/gas, which yields a special structure of equations involving the change of the gas or fluid volume respectively the change of the wetted part of the shell surface, see [2, 11–13]. This procedure finally leads to the so-called load-stiffness matrix, to which (in the case of enclosed gas/fluid volumes) several rank updates describing the coupling of the fluid or gas with the structural displacements in addition to the deformation dependence of the pressure load [15] are added. The numerical examples of e.g. (a) deploying simply folded membrane structures and (b) multi-chamber structures containing fluid and air in arbitrary combination demonstrate, how the simulation of structures with static gas and fluid loading or support can be efficiently performed without discretizing the fluid respectively the gas.

 

Key words: fluid-structure interaction, hydrostatic loading, gas loading, large displacements, volume dependence, finite elements.

 

1 Introduction

Inflatable structures nowadays find a wide field of applications, such as gas suppor-ted beams [6] in the field of civil engineering or deployable space structures [4] in aerospace engineering. Even in the field of hydraulic engineering inflatable mem-branes are used for gas and/or heavy fluid supported dams [5], which allow a direct control of the water retention level just by controlling the internal gas pressure. In conventional simulations these inner state variables (e.g. the internal gas pressure) of gas/fluid supported structures are transferred into pure loading quantities, which
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are not affected by the deformation. The fact that the applied gas or fluid pressure is volume dependent is often neglected as also for example the volume dependence of the current fluid level. The aim of this contribution is a large deformation analysis, which includes both the volume and the shape dependence of the inner state vari-ables. For this purpose we refer to former contributions of the authors group [11–13] and the works of Bonet et al. [2], which dealt with gas and fluid supported shell struc-tures and considered both the shape and volume dependence of the hydrostatic pres-sure distribution. With these derivations it is possible to come up with an analytical formulation of the fluid/gas only described by surface integrals over the surrounding wetted structure. Hence no discretization of the fluid or the gas e.g. by FE or bound-ary elements is necessary. A further contribution of the authors group currently being in progress [7] merges all these results and thus provides a unified formulation for closed chambers containing any combination of volume dependent loading. There-fore the notations in the current contribution were adopted from [7]. First the ne-cessary governing equations of the problem will be briefly derived via their virtual work expressions. In a further step the obtained variation of the gas/fluid potential has to be linearized for a Newton-type solution algorithm. After FE discretization of the linearized weak form the so-called load stiffness matrix (see also [14, 15]) is obtained, which is updated by several dyadic products, reflecting the volume depend-ence of the inner state variables. The numerical examples contain large deformation analyses of fluid and gas filled multi chamber systems with rather thin flexible walls and illustrate the performance of the derived algorithm.

 

2 Governing Equations

The general problem of thin walled shells containing gas and/or fluid (see Figure 1) is prescribed by its properties of the potential energy , which consists of the – here for simplicity – elastic potential   el of the surrounding structure of the containment, the potential   fsi                                                                           ex of the internal fluid and gas and the work W of the external forces. For equilibrium the variation of the total potential energy then vanishes identically.

 

2.1 Virtual Work Expression

The variation δ of the total potential energy is given by the variation of its parts:

δ = el          fsi            ex δ + δ − δW = 0.                    (1)

For the elastic energy and the work of the standard external loading, such as e.g. dead loading, we refer to standard FE textbooks [17, 19]. In the following the focus is only on the potential of the fluid-structure interaction (fsi) part and the gas or fluid loading,

δfsi           f                        f g = δV − δW − δW ,                            (2)
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Fig. 1. Elastic shell structure filled with fluid and gas.

 

which consists of the virtual gravity potential    f δV of the heavy fluid, the virtual work δW g                                                    f of the gas compression and the virtual work δW of the fluid compression, which is actually zero for an incompressible fluid. Because all terms have already been derived in detail in [7, 10], they will only be briefly presented in this contribu-tion. The virtual potential

δV f             f           f = − δρ g · ¯ s − ρ g · δ s ¯                       (3)

due to acceleration of gravity g can be written in terms of the fluid density ρ and its first order volume moment           

s ¯ =      f x dv .                            (4)

v f ¯

The virtual work of the gas volume compression (see also [18])

δW g      kg   g = p δ v ¯                            (5)

consists of the gas volume change   g δ v ¯ and of the volume dependent gas pressure

p kg   g κ ( v ¯ ) = const   (with the isentropic exponent κ).             (6)

2.2 Boundary Integral Representation of the Geometry

In Section 2.1 the variation of the fluid potential was given in terms of the vari-ables    g        f δ v ¯ and δ s ¯ describing the geometrical attributes of the fluid and gas. Con-sequently the second step will now be the representation of these geometrical vari-ables by boundary integrals, enabling an analytical meshfree description of the en-closed gas and heavy fluid via their surrounding wetted surface. Sectioning both 200     M. Haßler and K. Schweizerhof
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Fig. 2. Hydrostatic pressure distribution in a chamber filled with gas and an incompressible heavy fluid.

 

control volumes g       f v ¯ and v ¯ in Figure 1 yields along with a three dimensional projec-tion of the geometry the necessary virtual geometrical variables. Thus we obtain the virtual gas volume and the virtual first order volume moment of the heavy fluid as:

δ g                   g                        o g o v ¯ = n · δ u dξ dη − n · δ u dξ dη ,           (7)

ηg    g                         o    o ξ η ξ

δ s f            f ¯ = f o n · f o δ u x dξ dη + n · o δ u x dξ dη .   (8)

ηf    f                                 o    o ξ η ξ

In Equations (7) and (8)   g n denotes the non-normalized normal vector on the gas boundary and f        o n and n the non-normalized normal vectors on the fluid boundary and on the fluid level.   f        o x and x define the position vectors to a wetted structural point and to the fluid surface.    g     f        o δ u , δ u and δ u denote the virtual displacement on the particular boundary.

2.2.1 Incompressible Fluid with Free Fluid Surface and Additional Gas Loading

The gas and fluid pressure distribution for this case is depicted in Figure 2. Using Equations (7) and (8) in (2) gives us along with the pressure values

px = ρg · x, (9)

p o          o = ρ g · x,                            (10)

p f      o     x     kg = − p p − p ,                       (11)

the virtual gas and fluid potential for an incompressible fluid with free fluid surface and additional gas loading

δfsi                           f f                                                      g f kg g = p n · δ u dξ dη − p n · δ u dξ dη .       (12)

ηf    f                              g    g ξ η ξ
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3 Linearization

The virtual expression (12) is now written as a Taylor series expansion up to the first order term in order to embed it into a numerical solution procedure, e.g. in a Newton-type scheme. A consequent linearization of the virtual work (12) at a given state t then leads to

• Residual

δ fsi                          f    f                                        kg   g        g f dξ dη = n · u + n · u

lin                        t    t                                       t     t p δ dξ dη p    δ

ηf    f                              g    g ξ η ξ

• Pressure change parts

+        f f   f              g p n dξ dη t · δ u + kg   g p n t · δ u dξ dη

ηf    f                                g    g ξ η ξ

• Normal change parts

+       f    f     f                    kg    g     g p t n · δ u dξ dη + · p t n δ u dξ dη. (13)

ηf    f                                g    g ξ η ξ

3.1 Incremental Pressure Changes

The incremental pressure changes can also be directly adopted from [7, 13]. The mass conservation of the fluid and the adiabatic state equation of an ideal gas with the isentropic exponent κ then lead to the change of the gas pressure

 

pkg                   g                              f       f g = − αt n t                                   t · u dξ dη − α       n t                dξ dη , · u      (14)

ηg    g                            f    f ξ η ξ

with

αt = pkg

κ     ,                            (15) g v ¯

[image: ]

the change of the pressure at the fluid surface

p o                  f      f = − γ t n t      · u dξ dη , (16)

ηf    f ξ

with                                           −1

γ               f t              t                        t ρ = − n · gdξ dη (17)

ηf    f ξ

and the change of the position dependent pressure

p x             f = ρ t        g · u .                         (18) 202     M. Haßler and K. Schweizerhof

3.2 Normal Change Parts

The parts for the gas and fluid domains involving the change of the normals of the wetted surface parts can be adopted from [11, 12]. For the fluid domain the specific part due to the non-constant pressure distribution   x p must be considered [15]. By

t

introducing the skewsymmetric tensors (see also [9, 14])

W = ξ             ,       ,ξ ξ ¯ ¯ ¯ nt ⊗ x − x ⊗ nt , (19)

W η           ,η      η , ¯ = n ⊗ ¯ x − ¯ x ⊗ n t                                    t                                                  (20)

in a convective basis x ,ξ       η , ¯ ¯ ⊗ x , with ξ ¯ , η ¯ as the contravariant curvilinear coordinates,

we obtain the normal change parts of the linearized virtual work as follows:

 

δng              ⎛     ⎛        ⎞ g ⎞ ⎛    ⎞ ξ ¯ η ¯ g kg δ u 0 W W u p g t ⎜ ⎟ g ⎝ ⎠ lin = δ u ξ T ¯ ⎝ u ⎠ ,ξ · ⎝ W 0 0 ⎠ ,ξ dξ dη, (21) 2 g g η ξ g ηT ¯ g δ u ,η W 0 0 u ,η

[image: ]

 

δ n f              ⎛   ⎞ ⎛        ⎞ ⎛    ⎞ f ¯ f δ u ξ η ¯ u f 0 W W p f ⎟ = t ⎜ ⎜ f ξ T ¯ ⎟ ⎜ ⎟ ⎝ δ u lin ,ξ ⎠ · ⎝ dξ dη W 0 0 ⎠ ⎝ u ,ξ ⎠ 2 f f η ξ f ηT ¯ f δ u ,η W 0 0 u ,η f f f − f p ( x δ u p ( u t ,ξ ,η × ) ,ξ − t ,η x ,ξ × f δ u ) ,η · dξ dη (22) f f η ξ
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3.3 Proof of Conservativeness

As shown in [9, 14] by partial integration and subsequent application of the Gauss theorem the formally unsymmetric part in Equation (22) can be transformed into a skew symmetric field term and an unsymmetric boundary term. Assuming physically realistic boundary conditions makes this boundary term to vanish. A complete sym-metry of the linearized virtual work    fsi δ is finally obtained, if the linearized pres-

lin

sure parts (14), (16) and (18) along with the normal change parts (21) and (22) are inserted in the initial equation (13). Further on, if ρt g ·u from Equation (18) is split up into a symmetric and a skewsymmetric part, this skewsymmetric part neutralizes with the remainig skewsymmetric term in (22). Thus only the symmetric part from the position dependent pressure over the fluid boundary remains. The result clearly proves formally the conservativeness of the complete problem, which by general physical consideration is conservative from the origin.

The symmetry of the derived equations will appear clearer after the following FE discretization.
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3.4 Finite Element Mapping

After discretizing the linearized virtual fluid structure interaction expression with isoparametric mapping functions N for the displacements, the virtual displacements and the incremental displacements of the structural parts which are in contact with gas/fluid, such that

u = N d ,    δu = Nδd    and    u = Nd ,        (23)

we obtain from the normal change parts the symmetric load stiffness matrices for each structural element in contact with gas and/or fluid (see also [9–12, 15]):

 

K g                  g                 ξ T 1        ⎛     ⎛        ⎞ ⎞ T ¯ ξ η ⎛   ⎞ ¯ N 0 W W N ⎜ p ⎝ ¯ ⎟ N ,ξ ⎠ ⎝ N ⎠ elem = t ⎝ W 0 0 ⎠ ,ξ dξ dη ,   (24) 2 g g η ξ ηT ¯ N ,η W 0 0 N ,η
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K f                   f                 ξ T 1        ⎛     ⎛        ⎞ ⎞ T ξ ¯ η ⎛   ⎞ ¯ N 0 W W N ⎜ ⎟ ⎝ ¯ N ,ξ ⎠ elem = p t ⎝ ⎝ N ,ξ ⎠ W 0 0 ⎠ dξ dη 2 f f η ξ ¯ N ηT ,η W 0 0 N ,η ρ t f f − T N n t ⊗ g + g ⊗ n N dξ dη . t   (25) 2 f f η ξ
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The residual for the corresponding element results in negative right-hand side vectors due to fluid and gas pressure loading/support following the definitions of the normals

[image: ]

given in Figure 1:                     

f g                  kg   T   g p elem                 t        t g N = −

n dξ dη , (26)

f                             kg        η    g ξ 

f elem =         −       o    x    T f p p dξ dη . t + p t − N n t t          (27) f f η ξ

Hence along with the coupling vectors reflecting the volume changes

a             T g elem                    dξ dη = N n t (28)

ηg    g ξ

and                              

belem =          T f N n dξ dη t                     (29)

ηf    f ξ

for the elements in contact with gas/fluid and after assembling all local arrays in their corresponding global arrays the linearized state of equilibrium for a closed single chamber system partially filled with an incompressible fluid and gas can be written as:
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                                                  el g f T T K + K + K + α t ( a + b ) ( a + b ) − γ t bbd

= ex f − el f − f    g f − f.                         (30)

In Equation (30) the volume dependence of the enclosed gas and fluid is reflected in the rank updates of the stiffness matrix with two dyadic products of the coupling vectors for each closed volume.

 

3.5 Multichamber Problems

The derived procedure can easily be expanded to problems, where multiple fluid and/or gas filled chambers are connected to each other. For such systems the cor-responding global arrays (load-stiffness matrices, coupling vectors and right hand side vectors) have to be set up for each chamber and must be summed up for all n

chambers                                     n

K el      g    f                           + K + K + T α i,t ( a i + T b i ) ( a i + b i ) − γ i,t b i b d i i i

i    1 =

 

=        n f g ex f − el f − f + f.                  (31) i i

i    1 =

These multiple rank updates due to the volume dependence of the inner state vari-ables of the fluid and gas lead to a fully populated system matrix. However, in order to save memory and computational effort during the solution process it is desirable to have matrices with band structure. Therefore in the next section a solution algorithm is presented, which benefits from the dyadic rank updates preserving the band struc-ture.

 

4 Solution

In Figure 4 a solution algorithm to solve equation systems like (31) with n dyadic updates is briefly presented. A more detailled derivation of this procedure, which bases on a sequential application of the Sherman–Morrison formula, can be found in [7]. Most important in this recursive scheme, starting from the conventional solution d0, is that only a few vectors and scalars need to be stored within a single solution step, which keeps the memory requirements low.

 

5 Numerical Examples

The inflation and hydrostatic loading of a rubber dam under serveral boundary condi-tions will serve as an example with varying support and loading conditions. Figure 5
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Fig. 3. Multichamber problem with n = 3 interacting fluid and gas filled chambers.

 

illustrates such an inflatable dam under hydrostatic loading: hydrodynamic effects will not be considered in these examples. The rubber dam consists of two membrane parts, which are hot volcanized along one edge resulting in the typical deflection fin, which is used to reduce vibrations. Along the other edge the two membrane layers are clamped and anchored to the ground. The most important task of weirs is the adjustment of the water retention level resp. the dam height, which allows to take control of the discharge. In the case of inflatable dams the dam height h can be regu-lated by the internal gas pressure. Analytical solutions for different load cases can be found in [1] assuming purely membrane conditions and bending free joining of the membrane parts.

The following computations to simulate the development of the dam height dur-ing the loading process are performed in several steps: First the membrane structure is deployed by increasing the internal pressure. Afterwards the head and bottom wa-ter levels will be raised. The membranes for the dam (scale 1:10) have a thickness of 2 mm and a total circumference of about 850 mm. The material data with Young’s modulus             2 E = 60 N/mm and Poisson ration ν = 0.4 correspond to a fiber reinforced rubber membrane. In this special load case with head water loading, bottom water loading and an interior gas filling a 3-chamber system is the appropriate model. Al-though the head and bottom water levels are not affected by the deformation of the dam, which means that the rank updates of the system matrix result only from the gas filled chamber, the normal change parts and the residual vectors for all 3 cham-bers have to be considered. Further on boundary effects (e.g. wrinkling of membrane 206     M. Haßler and K. Schweizerhof
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Fig. 4. Recursive scheme for the computation of the auxiliary vectors r j i, the parameters βi and the interim solutions d i in the vectorized Sherman–Morrison algorithm.
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Fig. 5. Sketch of inflated rubber dam under head water loading.

 

parts) in the axial direction of the dam are neglected in the analysis. Therefore we can restrict the investigation to a 2D model of the cross section discretized with 66 solid-shell elements [8] with linear shape functions and ANS/EAS enhancements for
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Fig. 6. Cross section of rubber dam   Fig. 7. Development of dam height during loading clamped along a single edge.              process.

[image: ]

 

the kinematics. In future investigations the simulation of a fully 3D model of the dam will be performed, considering also the specific contact and support conditions at the boundaries leading often to wrinkling.

 

5.1 Clamping along a Single Edge

The first possible layout of an inflatable dam has a single clamped edge on the left (see Figure 6). The body of the dam is in contact (penalty formulation) with the ground. The dam is pressurized until “loading time” 10, when the maximum dam height of h = 220 mm is reached (see Figure 7) assuming static loading. Now the head water level is steadily increased, which in the end leads to some rolling motion of the dam, clearly visible in the decrease of the dam height of about 10%. From loading time 20 on the downstream water level is slowly raised. As is visible in Figure 7 the additional loading by the bottom water leads to an undesired buoyancy of the dam body, because the membrane is only clamped along the left edge. Two ways to overcome this buoyancy are presented in the next subsections.

 

5.2 Clamping along a Single Edge and Additional Interior Heavy Fluid Filling

This example is similar to the previous one. But in order to avoid the upward buoying of the dam body its interior is filled with heavy fluid in addition to the gas filling (see Figure 8). In Figure 9 the development of the dam height during the loading process is given: In this case the interior fluid support reduces the dam height by a few percent. The last load increments of head water filling then again lead to a sudden decrease of about 10–15% of the original height. But in contrast to the first example the plateau of the dam height curve shows that due to interior fluid support no further buoying effects appear.
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Fig. 8. Cross section of rubber dam   Fig. 9. Development of dam height during loading clamped along a single edge.              and filling.
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Fig. 10. Cross section of rubber dam   Fig. 11. Development of dam height during load-clamped along two edges.                ing process.
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5.3 Clamping along Two Edges

[image: ]

A second alternative to overcome the undesired upward buoying of the dam inflated by gas can be found by clamping another edge, as illustrated in Figure 10. Looking again at the dam height development during the loading and filling process (Fig-ure 11) no visible effects of the loading on the retention level of the dam can be found. Although this may seem the most straight forward alternative to keep a con-stant dam height a disadvantage may be the rather large clamping forces. Therefore dams partially or fully filled with fluid may be preferable.
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6 Conclusions

In this contribution a meshfree description of a heavy incompressible fluid interact-ing with gas and a deformable enclosure was presented, which was based on a total energy functional. The formulation contains the change of inner state variables kg  p

and o x over the deformation and therefore the model allows the simulation of large deformation processes for many kinds of fluid and gas loading as well as fluid/gas support, as shown in the numerical examples. The fluid-gas-structure interaction was described via boundary integrals of the geometrical fluid and gas terms. Further both, the extension to multichamber problems and the combination of fluid and gas load-ing in single chambers was derived. An efficient solution algorithm for this kind of problems can be found in the Sherman-Morrison formula, which allows to avoid the inversion of the dyadic updated system matrix, which in addition may be badly con-ditioned in case of fluid support with a nearly incompressible fluid. The future work is to describe the possible separation of chambers during the deformation and the implementation of more complex contact algorithms to capture the more complex boundary conditions and folds at the side boundaries of the flexible dams. A fur-ther focus is on the stability investigation of gas/fluid loaded multichamber systems, especially inflatable dams, which often suffer from instability problems.
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Abstract. SAMCEF Mecano is a general implicit non-linear software developed by Samtech. The paper describes several improvements that have been made in SAMCEF Mecano concern-ing the analysis of inflatable and membrane structures. Most of these developments have been carried out in the frame of an ESTEC contract (PASTISS project). Several examples illustrate the different developments.

 

Key words: SAMCEF, inflatable, membrane, space structures.

 

1 Introduction

SAMCEF Mecano is a general implicit non-linear software developed by Samtech [1]. For the past two years, several improvements have been made in SAMCEF Mecano concerning the analysis of inflatable and membrane structures. Most of the developments have been carried out under an ESTEC contract, in the frame of the PASTISS project – Professional Analysis Software Tool for Inflatable Space Struc-ture [2–4].

The developments cover different aspects. In this paper, we give a general over-view of the different capabilities.

The first point concerns the choice of the finite element. We have chosen a shell without rotational degrees of freedom as main element for this kind of application. Because there is no bad conditioning with it, the stiffness matrix becomes equal to the one of a membrane element when the element is very thin. The second point is related to the strategy of resolution. Since a classical Newton–Raphson strategy is not well suited for this kind of structure, we present several alternatives.

The other topics are related to a material without resistance in compression, to the measure of the internal volume, to the production of gas, to the definition of the initial free geometry, to the computation of eigenvalue, etc.

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 211–231. © 2008 Springer. Printed in the Netherlands.
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Fig. 1. Patch of elements, computation of the relative rotation.

 

2 Shell without Rotational Degrees of Freedom

In an inflatable structure, the thickness is very small. If classical shell elements are used, numerical difficulties arise because the order of magnitude of the stiffness terms linked to translational degrees of freedom is very different from the one linked to rotational degrees of freedom. An alternative consists in using membrane elements but, in this case, it is not possible to get the wrinkling pattern and the computation is less stable. The solution is to use a shell without rotational degrees of freedom: when the thickness becomes very small the stiffness matrix becomes similar to the one of a membrane element.

The element is closed to the one described in [5, 6].

 

2.1 Flexural Behavior

For the flexural behavior, we start from a triangle where the unknowns are the trans-lational displacements of the corner nodes and the rotations around the edge. The curvature and the moment are constant over the element. This last can be seen either as a non-conforming displacement element or as an equilibrium element. This is a Kirchhoff plate element. It is a classical element. The flexural energy can be written

 

as:                                               1   2 1 T w U = { w ϕ } K . 2 ϕ

[image: ]

From these six degrees of freedom, we can extract three rigid body modes and three deformation modes. As deformation modes, we take α, the difference between the rotation around the edge and the rigid rotation. In the element without rotational degrees of freedom, we compute α as a function of the positions and displacements of a patch of elements (Figure 1). We look at edge AB of the triangle. C is the third point of the triangle and D is a point of the patch of elements.

The relative angle between the two triangles is easily computed. In non-linear analysis, the moments depend on the current value of α minus the initial value. It is worth noticing that, as the relative rotation around the edge is a scalar, we do not
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Fig. 2. The Cook problem.

 

have any problem with large rotation in non-linear analysis. As the rotation is not computed by an updated procedure, the solution does not depend on the size of the time step for non-linear static analysis with linear material, as far as convergence is reached.

Special treatment is needed at the boundary; see [7] for the adopted solution.

2.2 Membrane Behavior

For the membrane behavior, we follow the solution adopted in [6]. First, the strains are computed on the element patch as for a 6-node triangular element. Then, we compute the mean strain on the central triangle. With this procedure, the membrane behavior is much better than the one of a constant strain triangle and is nearly similar to the one of a second order element.

2.3 Numerical Example

The first example is a classical linear problem (Cook problem, see Figure 2). In this test, we only study the membrane behavior and we compare the developed element to classical first order (constant strain triangle) and second order elements.

From Table 1, it can be seen that the solution obtained with the present element is much better than the one obtained with a classical first order element, which has the same number of degrees of freedom.

The second example is a classical non-linear shell problem. It studies the snap-through of a cylindrical shell (Figure 3). The straight edges are pinned and the curved edges are free. Only a quarter of the model is considered. We look at the curve external force/displacement under the load (Figure 3). The result is similar to the one obtained with classical shell elements.
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Table 1. Results for Cook problem. Displacement associated to the load.
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1st order    2nd order    Present element

[image: ]

2*2    11.97      26.28       22.72 4*4    18.26      26.03       24.54 8*8    22.00      25.37       24.24

16*16   23.41      24.82       24.10 32*32   23.85      24.47       24.06

[image: ]

 

Fig. 3. Snap-through of a cylindrical shell.
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3 Resolution Methods

It is well established (see for example [8–10]) that using a Newton–Raphson ap-proach for determining the structural shape during a slow inflation process can lead
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to large oscillations and lacks of convergence. The difficulty comes from the small stiffness of the membrane in the transversal direction. As soon as there is a little compression in the structure, wrinkles appear. There are several equilibrium states which have nearly the same energy but have different buckling patterns. The buck-ling pattern can change in function of the load factor. The convergence of a classical Newton–Raphson scheme becomes difficult. To circumvent this difficulty, an expli-cit scheme can be selected [9], that provide some inertia avoiding large movements of the nodal positions. Since it requires tuning of damping parameters, undesirable dynamical effects can occur, leading to a non-realistic inflation process simulation.

We developed three kinds of approaches in order to find the equilibrium states in an implicit way. In the first one, we compute the energy of the system and we look for the minimum of energy, using an optimization approach. In this case, a Newton– Raphson scheme is not used. In the second approach, we modify the Newton– Raphson scheme: we do not iterate with a tangent matrix, but we skip some terms in this matrix in order to stabilize the iterations. In these two approaches, an equilib-rium is reached. It is not sure it is linked to a global minimum of the energy, it can be a local one. In the third approach, we perform a Sturm sequence at the end of each step to be sure that the solution is stable. We reduce the size of the time step if it is not stable and we add dynamic effects in order to go from one pattern to another one.

 

3.1 An Optimization Approach for the Inflation Process Simulation

3.1.1 Comparison between the Newton–Raphson and the Optimization Schemes

In both numerical schemes, the variable nodal positions are updated according to the following rule:

q (k 1)      (k)       (k) + = q   + αs ,

where (k)                                                                               (k 1) + q is the vector of positions at the actual iteration k , while q is the updated vector. Those new positions are obtained for computed search direction (k) s and step length α. Calculating the parameter α is known as the line search procedure.

In the Newton–Raphson approach, the search direction is computed based on the tangent stiffness matrix (second order information). It involves the solution of suc-cessive linear approximations of the equilibrium equations, with all the difficulties that can be related to it, as an ill-definiteness of the tangent matrix that often occur in the problem under interest. A unit step length α = 1 is classically considered, although some line search capabilities are sometimes available.

In the optimization approach, we rather try to find the minimum of the total potential energy of the system. Since several optimization techniques exist, a right method selection can be made according to the problem’s features. For example, using a first order minimization technique will avoid any troubles with a possible ill-definiteness of the tangent matrix. Additionally, different ways for computing the descent search direction could be easily combined.
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Fig. 4. Three kinds of optimization problems: unconstrained, quasi-unconstrained and con-strained.

 

3.1.2 Considered Optimization Problems

The three kinds of optimization problems are reported in Figure 4, namely uncon-strained, quasi-unconstrained and constrained optimizations. π is the objective func-tion to minimize over the values q = {qi , i = 1, n}.

In the frame of inflated structures, the nodal positions (displacements) are the unknowns. Looking at the minimum of the total potential energy π will lead to the (an) equilibrium state. In this case, an unconstrained optimization method is needed. When the value of some degrees of freedom is restricted, or when some of them are linked, the problem becomes constrained, and Lagrangian multipliers characterize the activity of those restrictions. Such formulations are used when rigid body ele-ments are considered, or when the problem includes contact conditions. In this case, a constrained or quasi-unconstrained optimization method is necessary.

 

3.1.3 Optimization Strategy for Inflated Structures [10, 11]

Since general constrained optimization problems must be solved, a constrained op-timization technique must be considered. Different optimization methods are avail-able: Sequential Convex Programming [12, 13], mathematical programming [14– 16], etc. After a tests campaign [13], the augmented Lagrangian method was found to be appropriate and reliable (Figure 5).

In this approach, belonging to the sequential unconstrained minimization tech-niques, the solution of the initial constrained optimization problem is replaced by the solution of successive approximated unconstrained minimization problems (approx-imated in the sense that the Lagrangian multipliers and the constraints are only exact and satisfied at the solution). The development of such a technique requires two steps described below.
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Fig. 5. Iterative augmented Lagrangien optimization method. The solution of the constrained optimization problem is replaced by the solution of successive approximated unconstrained problems.

 

3.1.4 The Constrained Optimization Method

The way to transform a constrained optimization problem into an unconstrained one, which includes the evaluation of the Lagrangian multipliers, is described here. The optimization problem writes:

min               e                                  e π subject to c ( q ) = 0 j = 1 , . . . , m

q                     j

ci                                                        i ( q ) 0 j , . . . , m ≥ = 1

j

q ≤ qi ≤ q    i   1 i =, . . . , n i

[image: ]

and is transformed as
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min La(q, λ) q

q ≤ qi ≤ q    i   1, . . . , n i = i

[image: ]

where
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L            e     e m p     i     i m m m p e ( a q , λ) = π + e e 2 i i c ( q ) (c λ ( ) j + ( q )) k c q j + j j + i   2 k λ (c ( q )). j j 2 2 j = 1 j = 1 j = 1 j = 1
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The Lagrangian multipliers λ associated to the constraints are updated with a simple but efficient steepest ascent approach in the dual space [17], by comparing the optimality conditions of the augmented Lagrangian function with the stationarity conditions at the optimal solution. It becomes:

[image: ]

kλnew                                           i kλ with j          j    pc = + λ ≥ 0 , j = 1 , . . . , m . j              j

For the inequality constraints, the dual variables must always be positive; for equality constraints, their sign is not restricted. In our applications k = p, and only equality constraints have to be considered.
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Fig. 6. The Wolfe conditions defining an approximated minimum along the search direction. Good candidates are located in the sets I1 and I2.

 

3.1.5 The Unconstrained Optimization Problem

The conjugate gradient method is selected. It aims at solving the following quasi-unconstrained minimization problem:

min f   subject to   q ≤ qi ≤ q    i     , . . . , n i = 1 q i

[image: ]

where f is a general non-linear function. Here, f = La is the augmented Lagrangian function given above. This is a first order method, that is the tangent matrix does not have to be computed. The search direction is given by

[image: ]

s(k)         (k)       (k 1) (k 1) = − − − g   + β    s    ,

where the scalar β is the conjugacy parameter. The step length α is computed with a line search based on a cubic interpolation in the general frame of the Wolfe condi-tions [10, 16]. For saving computational time, this line search process is not exact: only an approximated minimum is looked for along the computed search direction (Figure 6). Since the function f is not quadratic over the nodal positions q, and as the line search is not exact, the conjugacy parameter β is computed with the Hestenes– Stiefel formula [14–16].

 

3.1.6 Features of the Developed Optimization Method and Recommendations

When the optimization method is used, slow convergence can occur for large scale problems, that is, with more than 10 5 degrees of freedom. Given that the second order information (tangent matrix) is not used, the quadratic termination of the Newton– Raphson solution scheme is lost. A second reason for slow convergence is related to the iterative process required for updating the Lagrangian multipliers in a constrained optimization problem.
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Fig. 7. Solution without any nodal restrictions for two successive pressure levels.
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Fig. 8. Solution with simple contact conditions for two successive pressure levels.

 

Additionally, it should be noted that some theoretical limitations exist regarding the use of a potential function related to the pressure. It is impossible to find a solu-tion when free edges appear in the structure, that is the inflated structures must be closed.

 

3.1.7 Numerical Example

In this section, an initially flat circle lifesaver with an internal square outline is con-sidered. The model includes 14222 degrees of freedom. The shapes for two different pressure levels are reported (times 0.5 and 1). As the problem is symmetric, only the upper half of the structure is considered. Four different inflation situations are investigated. The first problem does not include any nodal restriction (Figure 7). In the second one, the vertical displacement of a quarter of the set of nodes is limited to an upper value (Figure 8). In Figure 9, a flat rigid part is modeled: the nodes lying in this part must stay in the same plane during the inflation process (what leads to 990 equality constraints in the optimization problem). Finally, the contact between the inflated structure and a rigid sphere is studied in Figure 10 (1101 equality con-straints).
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Fig. 9. Solution with a RBE for two successive pressure levels.
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Fig. 10. Solution with a contact condition for two successive pressure levels.

 

3.2 Modified Newton–Raphson Scheme

3.2.1 Principle

During the iterations, some compression appears in the structure. The iteration matrix is no more definite positive. The variation of the displacement during one iteration can be very large and convergence is not reached.

A classical modification of the Newton–Raphson scheme is to iterate with a con-stant matrix. This modification is mainly done for performance not for convergence problem.

If we look at the tangent matrix of the element, there are two parts. The first one is proportional to the Hooke law and takes also into account large rotations of the elements. The second one is proportional to the state of stress and is called geometric stiffness. We look at the terms in the geometric stiffness which depend on the normal forces. In the modification we perform, we only take into account the positive normal forces in the geometric stiffness. As we do not have a tangent matrix, we increase the number of allowable iterations during a time step. The convergence is not quadratic.

 

3.2.2 Numerical Example

As example, we simulate the inflation of an airbag. We start from a flat disk and we apply a pressure on it. Figure 11 shows the deformation for different values of the pressure.
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Fig. 11. Inflation of an air bag.

 

The first difficulty is at the beginning of the analysis because there is nearly no transversal rigidity before there are some traction forces in the membrane. The size of the first time step is automatically chosen in such a way that at the end of the first iteration, which is equivalent to a linear analysis, the rotations are smaller than a given value (0.2 rad for instance). Once a pressure is present, there is a traction normal force and so there is a transversal stiffness.

The next difficulty is when the number of waves along the circumference changes. Several iterations are needed and the convergence is not uniform. In this method, we check that the solution is in equilibrium, but we do not check that it corresponds to a global minimum of energy.

It is seen from the results that the wave length decreases when the pressure in-creases. At the end, the structure is very stiff and convergence is easy to reach. If membrane elements are used instead of shell elements, the buckling pattern is less smooth.

 

3.3 Buckling Pattern

3.3.1 Principle

In this case, we want to have the buckling pattern which corresponds to a global minimum of energy. At the end of the step, when the convergence is reached, we perform a Sturm sequence on the iteration matrix. If some eigenvalues are smaller than 0, it means that the structure is un-stable and that there is another configuration 222     P. Jetteur and M. Bruyneel
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Fig. 12. Transversal displacement for two load levels.

 

with less energy. The time step is rejected and a new time step is restarted with a smaller value.

In this kind of structure, this configuration is created by a change in the buckling pattern. We have to go from a configuration to another one, which may be not con-nected in such a case. A classical Riks-like method is not sufficient [18]. In order to go from one branch to another one and to get convergence, we add inertia terms. As we are not interested in the dynamic effects, we use a Newmark scheme with non-standard value for β and γ . We choose values which give a large numerical damping but for which the scheme is unconditionally stable.

In order to be simple, we keep this scheme during the whole analysis. It can be checked in post-processing that the inertia forces and the kinetic energy is negligible except when there is a mode change.

 

3.3.2 Numerical Example

As example, we take a rectangular plate subjected to shear [19]. Figure 12 shows isovalue of transversal displacement for different load level. It can be seen that the number of wrinkles increases with the loading, and that the wave length decreases. A small geometrical imperfection is introduced.

 

4 Equivalent Material

In inflatable structures, the thickness of the membrane is very thin with respect to the other dimensions. The buckling loads are very low and wrinkles appear. But the post-critical path is stable. Depending on the application, it is important to have a
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good numerical prediction of these wrinkles. In this case, a very fine element mesh is needed, like in the previous example. In some cases, only the global behavior of the structure is looked at, and it is not important to simulate the wrinkle pattern. In this chapter, we deal with these cases.

In order to take into account the buckling, the constitutive law is changed. It is assumed that the material has no resistance in compression. Using an implicit solver with a Newton–Raphson scheme, if the resistance in compression is equal to zero, convergence problems can arise, especially if the two principal directions are in compression. In order to improve the convergence, we introduce a small res-istance in compression. The difficulty with this resistance in compression is the interaction between the two directions due to Poisson effect, in order to have a continuous response between the different states of stresses (traction/traction, trac-tion/compression, compression/compression). We define a stress potential in order to specify the material behavior.

We restrict the analysis to isotropic material for which the principal stresses and strains are parallel.

4.1 Theoretical Aspect

We start from the behavior in principal axes and we define a stress potential in func-tion of the two principal stresses:

 

U ∗     1 = [F (σ1) − νσ1σ2 + F (σ2)], E
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              ∗ ε 1 ∂U/∂σ = 1     1 ∂F /∂σ − νσ ∗ = 12 . ε 2 ∂U /∂σ 2 E − νσ 1 + ∂F /∂σ 2
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In case of a standard elastic material with a resistance in compression, F will be a quadratic function of the stress (        2 F = σ/2). We now consider a material where the modulus in traction is E and where the modulus in compression is smaller (kE, k 1). The F function is taken to be equal to:

 

if    σ ≥ 0   then   F =    , 2 σ 2
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if    σ < 0   then   F =    . 2 σ 2 k
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We can now look at the different cases. In case of traction in both directions, we

 

get the standard elastic material. In case of a traction/compression behavior, we have:  ε 1       σ   νσ       1                    1     1 σ1 > , σ2 < 0 :      =   0                         − 2         −ν 1                 σ 

ε                    = E         − 1 1 2 E − σ 2 νσ ν 1 + σ 2 k k
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Fig. 13. Reference mesh: (a) deformed shape, (b) principal stresses.

 

When k becomes small (equal to 0), we find a uniaxial behavior. With this bi-linear behavior, we have a small stiffness in compression. No singularity arises when the stiffness in compression becomes equal to 0. The behavior is continuous when the state of stress goes from a traction/traction state to a traction/compression state or to a compression/compression state. There is a slope discontinuity at the origin. One way to have a smooth transition between traction and compression is to change the F function. The curve corresponding to the derivative of F will have E as slope for a large positive strain and kE for a large negative strain.

Once the material behavior is well defined in principal axes, it is easy to define it in XY axes as the principal axes for the stress tensor and the strain tensor are identical and as there is no history in the constitutive law. For the stresses and strains, nothing special must be said. In the tangent constitutive law, we take into account the rotation of the principle axes. More details on the equations can be found in [20].

 

4.2 Numerical Example

We use a static implicit scheme; no mass is taken into account. A Newton scheme is used in order to reach the equilibrium.

As element, we use the shell without rotational degrees of freedom. The material without resistance in compression is used for the membrane behavior. The flexural behavior is classical. The flexural behavior helps the convergence at the beginning of the analysis when the traction in the element is low. When the traction becomes large, as the shell is very thin, the flexural behavior becomes negligible.

The example is an airbag inflation. The initial geometry is circular, the radius is equal to 0.35, the thickness to 0.0004, the Young modulus to 6 ×    7 10, the Poisson ratio to 0.3. The applied pressure is equal to 5000.

A reference solution is made with a fine mesh (20000 elements) with a classical elastic material. Figure 13a shows the deformed shape, the mean principal membrane stresses are plotted on Figure 13b.
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Fig. 14. Principal stress: (a) classical material, (b) material without compression.

Table 2. Central displacement.

[image: ]

20000 elements   310 elements   35 elements

[image: ]

Classical material          0.175             0.173           0.165 Small compression        0.175            0.175          0.175

[image: ]

 

Two coarse meshes are build. One with 310 elements and one with 35 elements. Figure 14a shows the principal stresses results obtained with the classical material and Figure 14b with the material with a small resistance in compression. We take a module equal to 6 ×   4 10 in compression. Without any resistance in compression, convergence is difficult to obtain in a static analysis. Table 2 provides the central displacement for the different solutions. It can be seen that the solution with the ma-terial with the small compression is very stable and is close to the solution obtained with the fine mesh and the classical material.

 

5 Volume Measure

In inflatable structures, it is often important to know the internal volume and to have a relation between the internal volume and the internal pressure. One solution is to use fluid elements and to perform a fluid-structure interaction. Generally, especially in static analysis, this kind of solution is not needed. We adopt a cheaper solution.

We compute the internal volume by a boundary integral, using the shell mesh as boundary. The volume is linked to one additional degree of freedom. The force conjugated to this degree of freedom is a pressure. Either we can prescribe a value to this degree of freedom in function of time (internal volume imposed), or we can apply a force (internal pressure imposed) or introduce a special law on it (relation between pressure and internal volume).

The volume is computed by the following equation:

 

V          1 = T dV = X (X    X ,ξ × )dξ dη. ,η 3 V S
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We introduce a kinematic constraint with a Lagrange multiplier. A classical Lagrangian approach is used, the Lagrange multiplier is equal to the internal pres-sure. This constraint links all the degrees of freedom and gives a large equation in the iteration matrix. As the nature of the degree of freedom (volume) is different from the one of the shell element (translation), it is important to scale the equations before solving them.

An example of relation between pressure and volume which is introduced is the relation for perfect gas, either isothermal or adiabatic. We introduce a non-linear spring where the force is the pressure and the displacement the volume. For the isothermal case, with a constant mass of gas, the equation is written (0 linked to the initial value):

p = p 0V0 .

[image: ]

V

In dynamic analysis, this global representation of the fluid is a rough approxim-ation as the pressure is constant on the whole volume.

 

6 Gas Production

6.1 Principle

In general, in inflatable structure, the mass of gas is not constant. There is a produc-tion of gas during the inflation. If U is the gas internal energy, Q the applied heat, T the gas temperature in the cell, Tin the temperature of the gas flowing in the cell, k the ratio between the specific heat at constant pressure and at constant volume, the gas balance of energy can be written [21]:

U = ˙ ˙ Q    ˙ − p V + ˙ E,

⇒ 1 (pV + ˙ ˙         ˙ pV ) = ˙ Q − pV + ˙

k −                     m incpTin 1

[image: ]

⇒ kpV ˙            ˙ + ˙ pV = (k − 1 )( Q + ˙ mincpTin).

For an adiabatic transformation, we have:

kpV + ˙ ˙ pV = (k − 1)(m ˙incp Tin).

For an isothermal relation, we have:

pV + ˙ ˙ pV = ˙ minrT .

In both cases, it is a differential equation between the internal volume, the internal pressure and the flow of gas. A special one degree of freedom element is written in order to take into account these equations. As input of the element, we have all the
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Fig. 15. Inflation of a cushion.

 

values at time step n, the volume at time step n + 1 and its derivative in function of time. Inside the element, we use an implicit Euler scheme in order to find the pressure at time step n + 1.

Similar formulas are also introduced in order to take into account a leakage of the cell.

 

6.2 Numerical Example

As example, we take the inflation of a cushion. Initially, the geometry is similar to a flat rectangle. In order to avoid using a fine mesh in the corner, we use a material with a small resistance in compression in order to simulate the buckling. The flow of gas is decreasing linearly with the time. As results, we plot the final shape and the evolution of the volume in function of time (Figure 15).

 

7 Activation of Boundary Condition

In membrane structure, what is known is the flat geometry. In order to fix the idea, we take as example a gore of a stratospheric balloon and we try to find the initial shape subjected to gravity and hydrostatic pressure. As we study only one gore, we have to introduce symmetry conditions.

We perform the computation in two steps. In the first step, we start from the flat definition of the gore, we apply the hydrostatic pressure and the gravity. The bottom and the top of the gore are fixed and the symmetry conditions are not taken into account.

In the second step, the top of the balloon is free and we introduce the symmetry conditions. The symmetry conditions are introduced through kinematic constraints with Lagrange multipliers. In order to improve the convergence and to avoid discon-tinuity in the response, we compute the initial value of the constraint 0 at the end 228     P. Jetteur and M. Bruyneel

of the first step and we impose it to be equal to 0 at the end of the activation. If tb and t e are the time at the beginning and the end of the activation, the kinematic constraint during the activation is written in function of time as:

 

φ         t − te (q) ≡ − 0 = 0. t b − t e

[image: ]

In order to free the top of the displacement in a progressive way, the software applies automatically the reaction force linked to the fixation of the top as an external load and reduces it in function of time. At the end of the activation, this external force is equal to 0.

At the end, the symmetry conditions are fulfilled. Figure 16a shows the initial shape, the shape at the end of the first step and the final shape. The meridian stresses at the end are shown in Figure 16b.

 

8 Reference to a Free Mesh

In the previous section, we use the flat shape as geometry and we apply the boundary condition in a progressive way. There is an alternative. We define two meshes, one which respects the boundary conditions and one which corresponds to the flat shape. Practically, there are two series of nodes which are linked to the same element. When we compute the strains, the nodes which correspond to the first mesh are seen as a deformed configuration and the nodes corresponding to the second mesh are seen as the initial configuration. If the first mesh is physically free of stresses, we find zero strains because there is only a rigid body mode between the two configurations in this particular case.

As example, we take the same stratospheric balloon as in the previous example, but half a balloon is studied. As first mesh (the one witch respects the boundary con-dition), we take the results of the previous example, which is rotated for each gore. As second mesh (free mesh), we take the initial mesh of the previous example. In a first step, we apply the hydrostatic pressure and the gravity load. We get immediately the convergence. In a second step, we apply a transversal force. The meridian stress distribution at the end of the computation are illustrated in Figure 17.

 

9 Eigenvalue Computation

The non-linear computation of the structure is one thing. At the end of the compu-tation it is possible to extract the tangent stiffness and the mass matrix in order to perform a linear computation around a non-linear state. This linear computation is valid only if the variation of displacement is small. The linear computation could be a static analysis, an eigenvalue analysis, a transient dynamic analysis or the creation of a super-element.
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Fig. 16. One gore problem.
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Fig. 17. Meridian stress after horizontal force.

 

As example, we use the ISIS solar shield [22]. In the non-linear run, a state of traction is introduced by a prescribed transversal displacement of the centre of the shield, gravity is taken into account. As we are interested in the global response, not the wrinkling pattern, we use a material with a small resistance in compression.

Figure 18 shows the transversal displacement of the first mode (eigenfrequency 2.26 Hz). The displacement is located at the edge of the structure.
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Fig. 18. Isis solar shield.

 

10 Conclusion

Several specific facilities of the SAMCEF finite element code related to membrane and inflatable structures were presented. The developments, carried out in the frame of an ESTEC project called PASTISS, cover different aspects of the problem, i.e. selection of a convenient finite element and devising of reliable solution strategies. Some other topics were also investigated: material without resistance in compres-sion, the measure of the internal volume, the production of gas, the definition of the initial free geometry and the computation of eigenvalue. Examples were provided and demonstrated the ability of SAMCEF in efficiently solving the problems under interest.
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Structural Air – Pneumatic Structures
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Abstract. This paper shows the possibilities of pneumatic structures for practical applica-tions. The basic principles of pneumatic structures are presented. A number of projects where pneumatic technology is combined with conventional construction methods are presented.

 

Key words: pneumatic structures, construction.

 

1 Introduction

Pneumatic structures follow strict rules, which influence their form-finding and their design process.

The form of a pneumatic structure always follows the formula:

p = nk/rk + ns/rs

with internal pressure p, membrane stress nk and ns and the radius of the curve rk and rs.

This leads to three types: the classic air supported hall, the cushion structure and the air beam.

 

2 Air Supported Hall

Air supported halls are fixed circumferentially to the foundation line and normally they have a great synclastic curvature. The outer loads, which act towards the inside, are supported by the air inside the hall. Loads which act towards the outside are carried by the membrane and have mostly a tension increasing effect.

 

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 233–252. © 2008 Springer. Printed in the Netherlands.
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Fig. 1. Stress diagram.
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Fig. 2. Principle sketch air supported hall, cushion structure and air beam.

 

3 Cushion Structure

Cushion structures are two layer, pneumatic structures. They are attached to an in-ternal structure which is able to couple the high lateral forces of the border in the cushion. Or they are set as a cover on a primary structure and guide the resulting horizontal forces into the main structure.

The compression load on the cushion is carried by a pressure increasing on the other side of the cushion. The suction load increases the membrane stress on the upper side. Suctions loads result from the wind exclusively, therefore they are only short-term loads. The pneumatic system is not able to react to the change of volume resulting from an elongation of the upper layer, therefore the upper side has to take only the wind load, without interaction of the internal pressure.

 

4 Air Beams

Without a perimeter beam, no cushion is formed, but depending on length or width a sphere or a tube. Up to the exhaustion of the pretension the tube has to be seen as a pipe and can be used as a compression strut or as a beam. Since the compression and the bending lead to a reduction of the implemented volume, the inner pressure is increased and therefore the pressure and bending resistance.

To take credit from this pressure increasing and to estimate surely the influence of the pressure increasing, the calculated inner pressure is increased in an iterative process until the equation p ∗ V = constant is fulfilled. Here p is the absolute pressure based on the basic air pressure.
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Fig. 3. Pneumatic projects.

 

5 Forms of Pneumatical Structures

Based on these basic principles various forms can be developed by combination or addition.

In the following the design process up to the realisation is presented by three projects.

 

6 Nouvelle DestiNation

6.1 Description

The project Novelle DestiNation was one of the four federal pavilions on the Swiss National Exhibition EXPO.02 on the Arteplage Biel.

The exhibition shown in the Nouvelle DestiNation Pavilion describes the rela-tionship between citizen and state. At the entrance the visitors got headphones and walked inside the pavilion to the individual stations where the subjects were ex-plained.

The federal pavilion on the EXPO.02 in Switzerland was an air supported struc-ture, made of translucent silicone coated glass fabric, which moved. The base area was 850 m 2                       2 whereof only 620 m are covered. The surface of the pavilion was 1670 m 2. The architect was Piet Eckert, e2a eckert eckert architekten ag, Zürich.

The initial intent in the design, was to create a structure, or let us say an envelope, with a large deflection, that could easily be seen by the visitors.

The air locks formed big revolving doors, which were suitable for disabled and allowed up to 1000 visitors per hour. Diagonal perimeter compression struts with horizontal steel arches and a perimeter cable formed the envelope. At the foot line the membrane is fixed with clamps on the perimetrical foundations.

The forming of the envelope with arches and struts led to no “normal” pneumatic shape, but a building with a relative flat roof shape, steep walls and an eave.

236     B. Stimpfle

[image: ]

 

Fig. 4. Isometric views.

[image: ]

 

Fig. 5. Breathing.

 

6.2 Breathing

With the reduction of the inner pressure of the hall, the ceiling sank and the heavy steel columns tilted perceptibly to the outside.

During the breathing the inner pressure varied from 30 Pa to 220 Pa. During a storm the inner pressure was raised and depending on the wind speed varied between 300 Pa up to 600 Pa. The measuring of the wind took place close to the building.

The breathing of the envelope happened about 3 up to 4 times per hour. During rain the breathing was stopped to avoid water sags.
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Fig. 6. Isometric view with struts and arches.
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Fig. 7. Link connection cable.

 

6.3 Horizontal Arches with Struts and Telescopic Struts

The perimeter steel arches are pin jointed in horizontal direction. At the end of the arches so called ski tips were fixed to achieve a smooth loosening of the membrane from the steel arches.

The steel arches were carried by very long steel struts which crossed the pavilion diagonally. Caused by the high weight of these struts even a light reduction of the inner pressure led to a perceptible sinking of the struts. In order to achieve a safe leaving of the hall even after a complete loss of pressure, telescopic struts with end stops stood under most struts for the so called emergency situation. These defined also the lowest point for the breathing.

 

6.4 Details

At some parts of the hall there were additional connection cables in the roof level and in the walls. These connection cables were attached to the perimetrical border cable. The border cable is not clamped therefore the position securing was made by swagings on the cable.
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Fig. 8. Pavilion during the EXPO.
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Fig. 9. Interior view of the hall with Szenographie.

 

T-shaped welded steel elements formed the perimetrical connection of the mem-brane cover to the foundations. At the joint a clamping plate grasped over both T-profiles and avoided a gap within the profile.

The ground formed slope levels with a sport hall pavement and illuminated mark-ing stripes. The stylised Swiss flags were equipped with infrared transmitters which activated the headphones.
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Fig. 10. Perforation.
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Fig. 11. Views from the platform.
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Fig. 12. Night shot.

 

The perforation was a membrane inversion in the hall. Inside became outside and the other way round.
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Fig. 13. Plasticine model from Schienbein + Pier.
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Fig. 14. Form-finding model.

 

7 GEK Balance

7.1 Description

On the occasion of the 125th anniversary of the Gmünder Ersatzkasse (a German health insurance company) a road show was planned which should travel through Germany from 14 May 2003 up to 17 December 2006. The exhibition is built up in rented halls in the particular town. Together with sponsors of the health-care an exhibition was developed which shows a walking tour through the human organism. The exhibition envelope covers an area of 366 m 2 3  and encloses a volume of 1340 m.

The architects are Schienbein + Pier, Stuttgart.

The basic idea for the design was a modular concept, consisting of halls and hallways. Since the envelope should be shaped organically, a pneumatic concept was appropriate.

 

7.2 Ballast

To keep the ballast as low as possible, a cross-section was selected, where the inner pressure is coupled through the floor membrane in the circular areas. In the more
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Fig. 15. Principle sketch.

 

shallow areas only low forces could be coupled over the ground, so more ballast was necessary.

To minimize the ballast, the inner pressure was kept very low with only 100 Pa.

Along the whole length of the transition of floor membrane and envelope, ballast weights of 20 kg/m along the hallways and 50 kg/m along the rooms are provided to define the floor line of the exhibition body. The ballast is fixed to the hall with an eyelet band with lacings.

 

7.3 Form Finding

The shape of the structure differs clearly from conventional pneumatic structures. Therefore an active influcence on the form finding was necessary which meant to more or less predefine the form in many sections.

Since the exhibition has to be adapted to the variable situations at the different towns, all hallways and rooms can be linked together in any variation.
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Fig. 16. Overview of the first exhibition situation.

 

At the junction between room and hallway a joint detail with a determined peri-meter for all joints was developed. The joints were executed as French lacing, with cover bands out off membrane material.

 

7.4 Entrance and Exit Air Locks

During the design it became obvious that standard solutions were out of the question. Together with the membrane manufacturer and the architect we developed a pneu-matic airlock through which the visitors have to press themselves to get inside. Two air chambers press against each other and close the entrance and exit. The pressure inside the chambers was selected in a way that the visitor can pass through with as less effort as possible and the joint still is tight enough to minimise the air leakage. Steel arches on the outside keep the airlocks in shape. For persons in wheel chairs and for push chairs the air is sucked out of the cushions and the opening is free for a few seconds. The opening time has to be kept as short as possible to minimize the decrease of pressure.

 

7.5 Supporting Air and Security Concept

The air supply was originally dimensioned for 2 ×        3 2500 m/h by 100 Pa. Because of the french lacing of the halls and because of the use of pneumatic air locks the leakage of air was clearly higher, so that another aggregate was necessary.

To avoid a total drop-down of the envelope during a breakdown of pressure, the envelope is fixed in regular distances with safety cables to the hall ceiling. Emergency exits are worked into the envelope and can be open by hook and loop fastener.
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Fig. 17. Air lock.

 

7.6 Single Rooms

7.6.1 Skin Room

In this room a spiral of transparent PVC is tensioned vertically between ceiling and floor. These transparent dividing walls define the walking direction and areas for exponates (Hartmann dressing material) are created.

7.7 Heart Room and Bypass

The heart room is related to the form of a heart. Between the two chambers of the heart a cable is carried over the envelope. With a drive the cable length is shortened or extended. The ceiling is cut by the cable and pulled downwards, the heart begins to beat.

In front of the entrance of the heart room the hallway narrows and so the span. In this area a bypass, a second smaller circular membrane tube with 1000 mm diameter, is placed, which ends in the heart room as well. The bypass is integrated in the envelope structure and gets its form also through pressure within the exhibition.

7.8 Metabolism and Balance Room

In the middle of the metabolism room the membrane is pulled down to the ground. An inversion is created which is used for exhibits.

The hemisphere shaped balance room is interrupted by smoothly incoming hall-ways.

7.9 Pattern

For these complex geometries the existing patterning routines did not bring satisfying results. We had to adapt our patterning software to the task.
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Fig. 18. Heart room.
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Fig. 19. Metabolism room (Picture: www.balance-ausstellung.de).

 

7.10 Installation

In the different halls the border line is calibrated and marked by a gauger.

The single parts are rolled out and aligned to the marks. With French lacing, rooms and hallways are connected. When all rooms are connected and the air lock is installed, the envelope is inflated.
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Fig. 20. Paper model for the optical control of the heart room patterns.
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Fig. 21. View from inside on the metabolism room during the inflation of the envelope.

 

8 Tropical Island

8.1 Description

The former CargoLifter hangar in Brand, south of Berlin, has been transformed into a leisure park. The membrane covering is replaced by a transparent covering to get more light into the hangar. Glass is not transmissible enough for the ultraviolet light which is necessary for the growth of the plants, therefore owner and planner have decided to use tree-layer ETFE cushions. Four bays with a surface of 4500 m 2 each are going to be replaced.
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Fig. 22. Rendering, Design (CL MAP).
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Fig. 23. Existing membrane roof from the inside.

 

8.2 Existing Membrane Roof

The existing membrane roof consists of a inner and outer membrane with an addi-tional thin membrane which is slack fixed underneath.

The new covering is carried out in the layer of the present outer membrane. The valley cable and the lower border cables are reused. The inner membrane is removed after the assembly.

In the solution of the tender the outer membrane should be replaced by a single layer cable net and the ETFE foil cushions should be set on them. This cable net
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Fig. 24. Deflection original membrane.         Fig. 25. Determining the cushion-shape un-
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der wind.

 

is much stiffer than the membrane, therefore this design attempt would have led to higher anchorage forces and to a more complex reinforcement of the primary steel.

 

8.3 Specific Proposal

Based on the deflection of the original membrane solution we have chosen a large pneumatic cushion. The cushion sags correspond exactly the deformations of the present membrane.

 

8.4 Loadbearing Behaviour

The structural system of the cushion roof works as a large cushion. On the upper side a rhombic cable net and on the lower side parallel cables are spread between the lateral arch trusses and the valley cable.

Between these two layers there are altogether 14 single cushions, which spread the two cable layers and by this form the cushion.

The two cushions have a regular internal pressure of 300 Pa. With snowfall the internal pressure of the upper cushions is increased to 800 Pa, to carry the snow load of 0.75 kN/m 2.

Wind suction pulls the upper side of the cushion to the outside and tries to in-crease the volume. Because the air cannot follow and already a small change of volume leads to a loss of pressure in the cushion, the maximum wind suction is working on the upper side of the cushion and the internal pressure is becoming 0.

•   The upper layer carries the wind suction loads.
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Fig. 26. Analysis model.                   Fig. 27. Lateral view.
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Fig. 28. Load transmission with wind suction.
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Fig. 29. Load transmission with wind pres-         Fig. 30. Load transmission with snow. sure.
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•   The lower layer is discharged.

[image: ]

Wind pressures pushes the upper side of the cushion inside and in the cushion, a balance with the wind load is set up. Is the wind pressure higher than the internal pressure, inside the cushion a internal pressure equal to the wind pressure is resulting.

•   The upper layer is discharged.

•   The lower layer carries the wind pressure loads.

In case of snow the internal pressure is increased to 800 Pa controlled by electric snow sensors. The internal pressure carries the snow load.

A rhombic shaped cable net of spiral stands with a diameter of 14 mm forms the upper side of the cushion. In the area near the cushion joint the ascending cables are connected with a socket joint. A parallel array of spiral stands with 16 mm diameter forms the underside of the cushion. For corrosion protection reasons alu-minium coated steel cables were used.

The reused valley cable is a full locked cable with a diameter of 50 mm. The border cables, which are reused as well, are full locked cables with a diameter of 59 mm.

The selected structural system has allowed to stay with the anchoring forces within the loads of the original roof and to keep the maximum forces of valley cable and border cable.

Structural Air – Pneumatic Structures 249

[image: ]

 

Fig. 31. Survey upper and lower cable pos-      Fig. 32. Section through the large cushion. ition.
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Fig. 33. Connection detail along the arch             Fig. 34. Z-profile single element. truss.
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Fig. 35. Valley detail.                      Fig. 36. Gutter profile single element.
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8.5 Details

[image: ]

The cushion roof is attached to the existing brackets of the arch truss. The brackets have a distance of 2.36 m. Between those connections the foil cushion is clamped with a continuous Z-profile.

[image: ]

The upper and lower cables are directly connected to the border profile in the area of the plate links.

In the valley zone the two layers of cables are attached to the valley cable with cable clamps. The insulated gutter which drains the roof water is attached to the cable clamps. The connection of the foil cushions is linear analogue to the border detail.

The large cushion is divided into 14 single cushions. At the joints the cushions are fixed with clamping plates. The clamping plates of the two cushions are connected with flats in the joint area. A heat insulated closure flap is put over the clamping.
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Fig. 37. Joint detail.                  Fig. 38. Analysis model of the connection

[image: ]

joint.
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Fig. 39. Installation of the fist cushions.
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Fig. 40. Installation of the outer cable-net.

 

8.6 Realisation

The assembly of the foil cushions is carried out from the outside on the present inner membrane.

After dismantling the outer membrane, continuous connection profiles are fixed. With temporary cables the valley cable is brought to the final height and the gutter parts are fixed.

Beginning at the ridge the single cushions are spread out on the lower parallel cables and are fixed to the boundary.

Afterwards the upper cable net is applied and the cushion is blown up with a reduced pressure.
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Fig. 41. Releasing and removing of the inner membrane.
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Fig. 42. Completed cushions.

 

After the bay is fully assembled the inner membrane is dismantled slowly. The temporary cables are removed step by step. With the final inner pressure in the cush-ion the final structural system is made up.

 

9 Conclusions

The presented examples show that pneumatic structures can be more than simple tennis halls. The use of the pneumatic principles and especially the mixture of these principles with the conventional construction opens a wide range of exciting and economical projects.

With short construction times and low dead loads pneumatic structures are ideal for fair or EXPO exhibitions.

The development of the used programs allows a more realistic modelling of the behaviour of the pneumatic structures. So the load transmission can be totally reflec-ted in the analysis.
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Recent Developments in the Computational Modelling

of Textile Membranes and Inflatable Structures

 

Dieter Ströbel and Peter Singer
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Abstract. The task of computer-modelling for stressed membrane surface structures is con-sidered. Following a brief introduction the handling of inflatable structures are described. Fi-nally, some evaluation tools are shown. Flexibility ellipsoids help to estimate the sensitivity of mechanical systems; redundancy numbers can be used to determine the accuracy for the pro-duction. The so-called force finding helps to find an appropriate state of prestress for primary structures which is shown in examples. It follows an automatic procedures for again and again tasks in the cutting pattern calculations.

 

Key words: force finding, redundancy, flexibility ellipsoids, pneumatic structures, cutting pattern.

 

1 Introduction

Tension structures have the image of being light and appealing looking at the ten-sioned part. Even tension structures such as cable nets, membranes, cable stayed systems, tensegrity systems and cable domes have to fulfil equilibrium [1, 2]. In general all tension structures can be divided into back anchored and self anchored structures. In back anchored structures the overall equilibrium requires the reaction of the ground, the tension forces are set into equilibrium by compressing the ground, typical structures are cable nets, membrane structures, hanging between masts and stay cables or suspension bridges.

 

2 Computer Models

Form-finding is the procedure of determining the shape of the surface. The Force Density Method as a linear and well-known procedure [1] is used to find doubly curved shapes which are in force equilibrium such as those given in Figure 1.

E. Oñate and B. Kröplin (eds.), Textile Composites and Inflatable Structures II, 253–266. © 2008 Springer. Printed in the Netherlands.
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Fig. 1. Typical structures.
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Fig. 2. Anticlastic, mechanically stressed.     Fig. 3. Synclastic, pneumatically stressed.

 

Geometry and internal forces are not independent from each other in case of prestressed lightweight structures. Whatever the structural configuration, we need double curvature to resist the applied loads. This can be of two types, see Figures 2 and 3.

The form-finding with force densities leads to a figure of equilibrium by defining a prestress-state as input and additional geometrical conditions. The desired prestress can be received approximately. So we can say that the Force Density Method not only ends up in a balanced figure of equilibrium but also in a very harmonically stressed surface. In case of mechanically prestressed membranes the form-finding is calculated without external loads, in case of pneumatics the internal pressure as external load-vectors has to be considered.
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Fig. 4. Different net parts are connected with specific connection points (t-elements).

 

The advanced Force Density Theory uses special connectors between different netparts: this leads together with the linearity to the fact, that complicated structures can simply be form-found.

 

3 Inflatables

The form-finding procedure and the statical analysis of pneumatic structures can be performed only as a first approximation because of the fact, that the external loads are conservative loads. Conservative loads do not change their size and direction dur-ing the loading procedure. The internal pressure vectors in pneumatic structures are depending on the size of the pressure and the surface normal vector of the pneumatic 256     D. Ströbel and P. Singer
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Fig. 5. Different net parts are connected with specific connection points (t-elements).

 

system; therefore the use of “non-changing” conservative loads for the internal pres-sure can only be a first approximation. The internal pressure is changing its direction (and size) during the loading. In our Form-finding System for pneumatic structures we distinguish between different procedures, as follows.

Generally three methods are possible:

•   Internal pressure p is fixed and the volume V of the pneumatic structure is un-

known.

•   Volume V is fixed and the internal pressure p is unknown. •   The product from internal pressure p and volume V is known (p ∗ V = given).

The described possibilities are related to both form-finding and statical analysis of pneumatic Structures. The way to form-find and to analyse pneumatics is usually as follows. Firstly the form-finding under a known inner pressure p (or with a given volume V ) and desired prestress values in the membrane is preformed; secondly, after having done the materialization with the chosen textile membrane, the statical analysis is calculated by introducing external loads (e.g. wind) and fixing the product p ∗ V from the form-finding result.
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Fig. 6. Form-finding and statics for inflatables with additional conditions (by Tensotech: Matti Orpana.

 

4 Evaluation Methods

Two aspects have to be mentioned considering the load bearing behaviour of cable nets or membrane structures, the stiffness of a three-dimensional shape and the pos-sibility of pretensioning the structure in relation to the material behaviour and the stiffness. There exists an analogy between net calculation in geodesy and the ana-lysis of membranes and leads to new aspects describing the load carrying capacity of structures. Flexibility can be seen as the deformation of each node loaded by a rotating unit load and leads to flexibility ellipsoids showing the three-dimensional deformation of the node.

 

4.1 Flexibility Ellipsoids

In the following, a method to evaluate the stiffness of structures will be demon-strated. The method is based on the relationships between the adjustment theory and the calculation of structures in mechanics. The error-ellipsoids of the geodetic network are transferred to flexibility ellipsoids of structures [11]. The flexibility ellipsoids demonstrate the stiffness of membrane structures including cinematic structures such as cable nets and cable domes. Now let:

S = stiffness matrix

V = displacements

P = external forces

F = flexibility matrix

Sv = p

v     − =1 S, p = Fp
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F               p    =    v

 

⎡                  ⎤ ⎡     ⎤ ⎡     ⎤ . . .. .. . .. .. ⎢ . . ⎥ . . ⎢ ⎡ ⎤ ⎥ ⎢ ⎡ ⎤ ⎥ ⎢ ⎡ ⎤ ⎥ ⎢ ⎢ f ⎢ xx f xy f xz ⎥ p ⎥ ⎢ x v ⎥ ⎢ ⎥ ⎢ x ⎥ ⎥ .. ⎢ ⎣ p ⎦ ⎥ ⎢ ⎣ y = v ⎦ ⎥ ⎢ ⎣ f ⎢ yy f yz ⎦ . ⎥ ⎢ ⎥ ⎢ y ⎥ ⎥ ⎢ p ⎥ ⎢ v ⎥ ⎢ sym . f ⎣ zz ⎥ ⎣ z ⎦ ⎣ z ⎦ ⎦ . . .. .. sym . . . .

u, v, w = deflections in a rotated system (main axis) q u, qv, qw = forces in a rotated system (main axis)

⎡ ⎤ ⎡        ⎤ ⎡ ⎤

⎢ u       d 1 0   0     qu ⎥ ⎢ ⎥ ⎢ ⎥ ⎣ v ⎦ = ⎣ 0 d2 0 ⎦ ⎣ qv ⎦

w     0 0 d 3    qw

ququ + qvqv + qw q2 = 1                  Unitload

 

ququ + qvqv + qw q2 =    +    +    = 1 Ellipsoid 2 u 2      2      2 v w
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d      2      2 d d
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1      2      3
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4.2 Redundancy

Redundancy is more than the statical indeterminancy, which can be shown by the following considerations. The number of indeterminancy is distributed among all elements in relation to the geometry of the structure, the stiffness of the elements and the relatively elongation of each element within the whole structure. The elastic elongation of each element is influenced by stiffness of the connected elements. Fo-cusing on one element means an extremely stiff surrounding structure compared to the element the change of length causes directly an increase of the force. The oppos-ite is a very flexible structure, which allows the elongation of the element without influencing the forces.

This behaviour can be described by the elastic redundancy r [5, 7, 12] in terms between 0 and 1. An elastic redundancy of 0 means no forces arise if the length is changed. When the elastic redundancy has the number 1, changing the length leads to a force depending on the elastic stiffness of the element, see Figure 8.

Let us assume an imperfection of element 4 with d = 0.01 m. The change of the force due to imperfection is

F = EA/ l0 ∗ r ∗ d = 57.81 kN with the unstressed length l0 = 5.657 m.
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Fig. 7. Flexibility ellipsoids of a cable dome (system Fuller).
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Fig. 8. Elastic Redundancy of a two-dimensional truss.

 

The difference of the by imperfection stressed and original (= non-imperfected) link length is

l = d ∗ (1.0 − r) = 0.00673 m.

The redundancy numbers of the elements help to estimate the sensitivity of a mechanical system. The production accuracy of all elements can be determined ob-jectively. Especially the behaviour of the structural elements with respect to imper-fection (= pretensioning) can simply be analyzed. The redundancy number are also very helpful to optimize structures. The strategy is eliminate the element with the largest redundancy number step by step. This was done in Figure 8.
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5 Force Finding

The shape of equilibrium of the membrane, cable net or suspension cable can be eas-ily found with today available simulation tools by defining fixed boundaries, masts, stay cables or foundations. The fixity of these elements is a rough assumption not taking into account the elastic strain and the movement of all those structural ele-ments. Both the deformation and movement of the masts, stay cables and boundaries causing a change in the shape of equilibrium and in the distribution of the stresses within the tensioned system.

If the geometry of the system and the external loads are given, the reacting forces can be analyzed in the system by searching for the minimum of the unbalanced forces. A possible force flow in the system can be analysed by means of the adjust-ment theory: more precisely the force flow is calculated by minimizing the square sum of all unbalanced forces in the free points. In case equilibrium is possible, the square sum of the unbalanced forces will become zero. Sometimes depending on the system and additional constrains it may happen that several equilibriums occur; the described method then will finds the solution being as closed as possible to the predetermined forces. Non-zero as a result means that the force flow fulfilling the equilibrium in all points is not possible; the procedure guarantees on the other hand the optimal solution because the unbalanced forces are as small as possible.

The force-finding equations for one point are given in Figure 9.

[image: ]

 

Fig. 9. Force finding equations.

 

In Figure 10 we see a combined rectangular and radial net, which represents again a figure of equilibrium. The coordinates of the free nodes are calculated with the force density method and the reason, why the net in front has a kink is, because the force density in the link marked with an arrow was set to zero.

Computational Modelling of Textile Membranes and Inflatable Structures 261

[image: ]

 

Fig. 10. Rectangular combined with radial net.

 

For testing the inverse algorithm, which determines the force densities in a net, we know the coordinates of the nodes, the topology and only one force density in a link, here the fat marked link in the middle part of the net in Figure 1. The algorithm calculates exactly all force densities of all links and like a proof, the force density in this link is controlled, (marked by an arrow), and find it is zero as we defined before. The level of the force densities depends from the level of the starting value in the fat marked link and because the potential is zero in this example, this net is a shape of equilibrium. For large nets the system of equations assembled is extremely sparse and can be efficiently solved with Hyper Sparse Techniques [4, 5].

The linear system with unknown force densities leads more general to (total net) [3, 7]:

C t U q = px    r +x ,

C t V q = p + r , y     y

C t W q = pz    r +z ,

qv = q + rq,

where

C : Branch node matrix (topology)

U, V , W : Matrix of coordinate differences q : Vector force densities

px , py, pz : Vector external loads

rx, ry , rz : Vector unbalanced forces

rq: Vector unbalanced q, qv

Figure 11 shows an example of a cable-structure. The structure should be able to carry given loads. The deflections should be as small as possible. The calculation 262     D. Ströbel and P. Singer
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Fig. 11. Example: given cable structure (left) and balanced cable structure (right).
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Fig. 12. Allianz Arena Munich (left) and computer model steel structure (right).

 

with the formulation above lead to the following result: The calculated cable forces fit in best way the problem. The deflections will be as small as possible.

 

6 Cutting Pattern

The theories, which are used to project a two-dimensional surface in three-dimensional space to a two-dimensional surface in a plane are very old; they are part of the mathematical field named map projection theories. For example the Mercator Projection from the 17th century. The surfaces, which are used in practical mem-brane structure designs are in general not developable without distortions. The map projection theories – used for the flattening of textile membranes – try to minimize the distortions with respect to lengths, angles and areas. As an example the cutting pattern of the Allianz Arena Munich are explained. They were special task done, to get in a short time the form and the cutting pattern of 2800 pneumatically stressed cushions (ETFE-Foil, 1400 different ones).
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Fig. 13. Allianz Arena Munich: one cushion (left) and computer model of one cushion (right).

 

The task was to do 1400 different form-finding and cutting pattern calculations. The steps are given in Figures 14–19.

These six steps for each cushion would be very time consuming by making indi-vidual calculations (at least several hours for one cushion).

[image: ]

 

Fig. 14. Step 1: Boundary-Generation (adjusting Plane).

[image: ]

 

Fig. 15. Step 2: Net /Mesh Generation.
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Fig. 16. Step 3: Equilibrium under inner pressure.
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Fig. 17. Step 4: Geodesic Lines as seam lines for the upper (and lower) cushion.
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Fig. 18. Step 5: Cutting Patterns with smallest distortions.

 

Automatic procedures (= batch jobs) helped to reduce the time for cutting pattern. So one cushion was calculated in some minutes: the saved time can be used for controls, etc. and so a better quality is reached finally. An analogue strategy is used to optimize the widths of all patterns in a membrane project.
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Fig. 19. Step 6: Ready for cutting.
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Fig. 20. Automtic procedures for an optimized layout of strips (all flattened widths are 1.72 m wide).

 

7 Conclusion

It has been shown that, by using a modular approach for the design of membrane structure surfaces, the resulting system is extremely powerful and flexible. The very large number of structures which have been built using this tools prove the validity of this strategy.
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